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a b s t r a c t

Based on an analysis of polarized Bessel beams using the Hertz vector potentials and the angular
spectrum representation (ASR), a general description of transverse mode Bessel beams is proposed. As
opposed to the cases of linearly and circularly polarized Bessel beams, the magnetic and electric fields of
a Bessel beam in a transverse mode are orthogonal to each other. Both sets of fields together form a
complete set of basis Bessel fields, in terms of which an arbitrary Bessel beam can be regarded as a linear
combination. The completeness of the basis Bessel fields is analyzed from the perspectives of waveguide
theory and vector wave functions. Decompositions of linearly polarized, circularly polarized, and circu-
larly symmetric n-order Bessel beams in terms of basis Bessel fields are given. The results presented in
this paper provide a fresh perspective on the description of Bessel beams, which are useful in casting
insights into the experimental generation of Bessel beams and the interpretation of light scattering-
related problems in practice.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

With a continuous development and application of laser sources,
investigation of interactions between various structured laser
beams and small particles have attracted increasingly more atten-
tion in recent years [1–4]. Among the various shaped beams, there
is increasing interest in Bessel beams, which were introduced by
Durnin and co-workers [5,6] almost three decades ago. Although
ideal Bessel beams cannot be generated, high-quality quasi-Bessel
beams can be experimentally realized using a range of different
means, e.g. an axicon lens [7,8], spatial light modulator (SLM) [9,10],
and other methods [11,12]. Applications of Bessel beams cover a
wide range of research fields [13–15], e.g. optical trapping and
manipulation [16,17], atom optics [18], and imaging [19].

This paper is a continuation and extension of [20], which was
concerned with the general description of ideal Bessel beams of
arbitrary order derived using different approaches, for exploring
the properties of Bessel beams, and clearing up confusions when
dealing with different descriptions of Bessel beams in practical

applications. Two different procedures were applied to obtain the
fields of an n-order Bessel beam, namely the angular spectrum
representation (ASR) method which obtains the fields as a super-
position of component plane waves [21–24], and the Davis pro-
cedure which obtains the fields from a polarized vector potential
[25–30]. Based on the derivation of a class of Davis circularly
symmetric Bessel beams using the Hertz vector potentials, it was
found [20,31] that they have the same general functional depen-
dence on the cylindrical coordinate system variables (ρ, φ) as do
the aplanatic Bessel beams generated using ASR. A general
mathematical description of circularly symmetric Bessel beams for
four typical types of polarization states was proposed in [20], in-
cluding ( )1, 0 , which is reminiscent of x-polarized, ( )0, 1 , which is
reminiscent of y-polarized, ( )i1, , which is reminiscent of left-
circularly polarized, and ( − )i1, , which is reminiscent of right-
circularly polarized. The generalization of the description renders
the Davis type Bessel beam and the ASR type Bessel beam as the
two simplest cases of an infinite number of possible circularly
symmetric Bessel beams, corresponding to different values of the
arbitrary function α( )g 0 , which depends on the optical system
being used. This result is important since it bridges the gap be-
tween different descriptions of Bessel beams and exhibits a uni-
fication of the different methods of derivation.
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In this paper the generalization procedure used in [20,31] is
extended to transverse mode Bessel beams, i.e. the transverse
magnetic (TM) polarized and the transverse electric (TE) polarized
n-order Bessel beams. This set of polarization bases is typical of
that encountered in optical fibers or electromagnetic waveguides,
where the magnetic (electric) field is perpendicular to the pro-
pagation direction axis, and is called the transverse magnetic
(electric) mode, or TM (TE) mode for short. Whereas in optical
fibers or in electromagnetic waveguides, the fields must satisfy
appropriate boundary conditions at the surface, the fields of an
ideal Bessel beam are assumed to be valid over all space. For in-
stance, quasi-Bessel beams in transverse modes can be generated
in free space by using a Mach–Zehnder interferometer [12], or an
axicon lens [7].

The body of this paper is organized as follows. The fields of
Davis Bessel beams in a transverse mode are analyzed in Section 2.
The fields of Bessel beams in TM and TE modes generated using
ASR are studied in Section 3. A general description of Bessel beams
in a transverse mode is proposed in Section 4, showing that the
Davis Bessel beams of Section 2 and the aplanatic Bessel beams of
Section 3 are the two simplest cases of an infinite number of
possible n-order Bessel beams in a transverse mode. Section 5
presents an analysis of basis Bessel fields and the decomposition of
various types of polarized Bessel beams in terms of them. Con-
clusions and discussions are stated in Section 6.

2. Davis Bessel beams using Hertz vector potentials

Briefly, we begin with Maxwell's equations for an electro-
magnetic wave propagating in an isotropic, dielectric, non-mag-
netic, and linear medium

ω ωεμ
ε

∇ × = − ∇ × =
∇⋅ = ∇⋅ = ( )

i iE B B E
E B

, ,
0, 0, 1

where the time dependence is ω( )i texp , and ε and μ are the per-
mittivity and permeability of the medium, respectively. Using the
Lorenz gauge condition, and introducing the Hertz vector potential
(see Sec.6.1 of [32]), we have the vector Helmholtz equation

Π Π∇∇⋅ + = ( )k 0, 22

and its two types of independent solutions, the electric potential
Πe and the magnetic potential Πm, resulting in two independent
sets of waves

E-type waves

ωμεΠ Π= ( + ∇∇⋅) = ∇ × ( )k iE B, , 3e e e e
2

H-type waves

ω Π Π= − ∇ × = ( + ∇∇⋅) ( )i kE B, . 4m m m m
2

2.1. Linearly and circularly polarized Bessel beam

Considering the problem in a right-hand Cartesian coordinate
system, the vector Helmholtz wave equation simplifies to
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As described in detail in [20], a linearly x-polarized Bessel
beam, a linearly y-polarized Bessel beam, a right-circularly po-
larized, and a left-circularly polarized Bessel beam can be gener-
ated by assuming Π takes the form

Π ρΠ = = ( )( − ) ϕ −J k i e ee em m y n t
n in ik z

y
z ,

Π ρΠ = = ( )( − ) ϕ −J k i e ee em m x n t
n in ikzz

x, ρΠ = ( )( − ) ( + )ϕ −J k i e e ie em n t
n in ik z

x y
z ,

and ρΠ = ( )( − ) ( − )ϕ −J k i e e ie em n t
n in ikzz

x y , respectively. The radial dis-
tance and the azimuthal angle in the transverse plane ( )x y, are

ρ = +x y2 2 and ϕ = ( )−tan y x/1 , respectively. The transverse and
longitudinal wave numbers are denoted as α=k k sint 0 and

α=k k cosz 0, respectively. The n-order Bessel function of the first
kind is (⋅)Jn . The wavenumber is k, and α0 is the half-cone angle of
the Bessel beam which is defined with respect to the direction of
wave propagation. Explicit expressions for the electric and mag-
netic fields of a linearly x-polarized Bessel beam and a linearly
y-polarized Bessel beam were presented as Eqs. (7) and (8) and
Eqs. (15) and (16) in [20]. Explicit expressions for a right-circularly
polarized and a left-circularly polarized n-order Bessel beam are
obtained by a superposition of two orthogonal linearly polarized
cases, as given in Eq. (18) in [20]. As we can see, as opposed to a
propagating factor ( − )ikzexp carried by a plane wave, ideal Bessel
beams carry a propagating factor α( − )ikzexp cos 0 . This implies
that, in free space, the group velocity of Bessel beams in the po-
sitive z-axis direction is α⋅c cos 0 which is less than that of a plane
wave c [33].

It should be noted that the x-polarized and y-polarized Bessel
beams are not circularly symmetric, which can be deduced from
the expressions for their time-averaged energy densities w and
their time-averaged Poynting vector power densities S given in
Eqs. (9)–(11) in [20]. Although the time-averaged energy and
Poynting vector power densities of the left-circularly polarized
and right-circularly polarized Bessel fields are circularly sym-
metric, their field components E and B are not symmetric [26].
Neither linearly polarized nor circularly polarized Bessel fields can
be used to describe circularly symmetric polarized Bessel beams or
circularly symmetric scalar Bessel beams, whose electric and
magnetic field are symmetric. The Davis-type circularly symmetric
Bessel fields can be produced by averaging a polarized Bessel beam
with its dual fields [34]. The details of this procedure were de-
scribed in [20], where the resulting circularly symmetric fields
with polarization (1,0), which is reminiscent of x-polarization are
given by Eqs. (20–25). Fields with polarization (0,1), which is re-
miniscent of y-polarization are given by Eqs. (32–37). In addition,
fields with polarizations ( )i1, and ( − )i1, , which are reminiscent
of left-circularly polarization and right-circularly polarized, are
given by Eqs. (39–40) and Eqs. (42) and (43), respectively.

2.2. TE and TM polarized Bessel beams

Considering the vector Helmholtz wave equation of Eq. (2) in a
right-hand cylindrical coordinate system, one has

⎛
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If Π is a longitudinal vector potential polarized along z axis
with

Π ρΠ = = ( )( − ) ( )ϕ −J k i e ee e , 7e e z n t
n in ik z

z
z

we obtain the electric and magnetic fields
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