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a b s t r a c t

Due to the dependent scattering and absorption effects, the radiative transfer equation (RTE) may not be
suitable for dealing with radiative transfer in dense discrete random media. This paper continues pre-
vious research on multiple and dependent scattering in densely packed discrete particle systems, and
puts emphasis on the effects of particle complex refractive index. The Mueller matrix elements of the
scattering system with different complex refractive indexes are obtained by both electromagnetic
method and radiative transfer method. The Maxwell equations are directly solved based on the super-
position T-matrix method, while the RTE is solved by the Monte Carlo method combined with the hard
sphere model in the Percus-Yevick approximation (HSPYA) to consider the dependent scattering effects.
The results show that for densely packed discrete random media composed of medium size parameter
particles (equals 6.964 in this study), the demarcation line between independent and dependent scat-
tering has remarkable connections with the particle complex refractive index. With the particle volume
fraction increase to a certain value, densely packed discrete particles with higher refractive index con-
trasts between the particles and host medium and higher particle absorption indexes are more likely to
show stronger dependent characteristics. Due to the failure of the extended Rayleigh-Debye scattering
condition, the HSPYA has weak effect on the dependent scattering correction at large phase shift para-
meters.

& 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The problem of light scattering and absorption by densely
packed discrete random media is important in many science and
engineering fields, such as remote sensing data analysis in astro-
physics and atmosphere science, light interaction with tissues in
biomedical diagnostics, and radiative heat transfer in chemical re-
actors, coal combustors and many other industrial systems [1–3]. In
the theoretical analysis of radiative transfer process in a dense
discrete random medium, one important characteristic is that the
dependent scattering and absorption effects cannot be neglected in
many cases, which make it become a much more difficult task than
in a dilute medium. The dependent effects are mainly caused by the
near-field interparticle effect which modifies the amount of radia-
tion absorbed and scattered by each particle and the far-field in-
terference effect which leads to a coherent addition of the scattered
radiation by each particle in the far field [4,5]. For a dilute medium,

each particle is assumed to be located in the far-field zones of all the
other particles and acts independently in the scattering and ab-
sorption of radiation. For light transport in a dilute medium, the
radiative transfer theory (RTT) has been a most effective and widely
used approach [6]. However, the radiative transfer equation (RTE)
will fail for wavelength sized particles with concentrations in-
creasing to a certain value due to the dependent scattering and
absorption effects [4,7]. Despite the obvious shortcomings of the
RTE, its applications appears to be unavoidable in many cases. The
main cause of this situation is the limited application of direct
computer solvers of the Maxwell equations to realistic media
composed of extremely large numbers of particles [1,6].

At present, the researches on the radiative transfer in dense
discrete random media mainly focus on two aspects: to determine
the demarcation line between independent and dependent scat-
tering and to improve the validity of the RTE by considering the
dependent scattering and absorption effects [5,8–14]. Drolen et al.
[8,9] constructed a widely used regime map demarcating in-
dependent and dependent scattering over a wide range of size
parameters and volume fractions based on theoretical analysis and
experimental research. The results showed that the criteria of
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dependent scattering mainly depend on the ratio of the inter-
particle clearance c and wavelength λ. Hespel et al. [10] studied
the extinction coefficient of latex suspensions composed of den-
sely packed dielectric spheres through experiments. Their results
indicated that the demarcation line (c/λ¼0.5) between in-
dependent and dependent scattering is unrealistic except for small
size parameters. Kumar and Tien [5] presented a complete model
to evaluate the dependent scattering and absorption character-
istics of dense particulate systems. However, the research only
focuses on the small particles in the Rayleigh scattering regime.
Tishkovets and Petrova [11] considered the densely packed dis-
crete random media as semi-infinite layer composed of randomly
oriented clusters. The RTE is then used to obtain the reflection
characteristics of the medium by assuming that the clusters are in
the far zones of other clusters. Mishchenko et al. [12] assessed the
application scope of the vector radiative transfer equation (VRTE)
by comparing with Stokes reflection matrix of latex suspensions
obtained by experiments. The paper demonstrated that a simple
modification of the phase matrix based on the static structure
factor in the Percus-Yevick approximation yields an improved fit to
the experimental results.

Although many experimental researches on radiative transfer
in dense discrete random media have been carried out, due to the
limits of material type of standard particles, only a few types of
materials are used, such as polystyrene and silicon dioxide
[7,9,10,12,13,15–18]. Moreover, few researchers had investigated
the effect of complex refractive index of particles on the light
scattering process in dense discrete random media, especially
when the polarization effects and dependent effects correction are
taken into consideration.

In this paper, the effects of particle complex refractive index on
dependent scattering and absorption by densely packed discrete
spherical particles are investigated as an extension of our previous
researches which examined the accuracy of RTE by comparing
with the exact electromagnetic theory and focused on the influ-
ences of particle volume fractions and particle size parameters
[19]. The dependent scattering effects are considered into the RTE
based on the hard sphere model in the Percus-Yevick approx-
imation (HSPYA). The Mueller matrix elements of the system are
used for assessing the validity of the RTE and the performance of
dependent scattering correction.

2. Modeling methodology

We consider light scattering and absorption in an imaginary
spherical volume filled with randomly distributed, densely packed
spherical particles. The scattering volume is illuminated by a
parallel quasi-monochromatic beam of light and the observation
point is located in the far-field zone of the entire volume. In this
study, the Mueller matrix of the scattering system is obtained by
both the electromagnetic method and radiative transfer method.
The Mueller matrix M links the Stokes vectors of scattered light
Isca(Ω)¼(Isca, Qsca, Usca, Vsca)T in the scattering direction Ω and
incident light Iinc(Ω')¼(Iinc, Qinc, Uinc, Vinc)T in the incident direc-
tion Ω', and can be written as [6,20]:
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where θ∈[0°, 180°] is the angle between the incidence and scat-
tering directions, as seen in Fig. 1. In Eq. (1), the zeros denote the
Mueller matrix elements which are negligibly small relative to the

other elements. The (1,1) elements, M11(θ), which is called phase
function is normalized according to

∫ θ θ = ( )
π
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In addition, all other Mueller matrix elements are normalized
to the element M11 at the same angle to get results within a range
from �1 to 1.

The Maxwell equations are directly solved by using the highly
efficient and numerically exact superposition T-matrix method
(STMM) [21,22]. To generate ensembles of randomly distributed,
densely packed spheres in an imaginary spherical volume, the
Metropolis shuffling algorithm is used [23]. Note that the spheres
in the simulation volume are not allowed to be overlapped and
cross the volume's outer boundary. By taking the sphere positions
and sphere size parameters as input, the Mueller matrix can be
directly calculated by using the STMM program [22].

The RTE is numerically solved by using the Monte Carlo (MC)
method [24–26]. Before the MC simulation, the radiative proper-
ties of the spheres should be calculated. In the framework of in-
dependent scattering theory, the radiative properties which in-
clude scattering coefficient μsca, absorption coefficient μabs, and
single scattering Mueller matrix P are calculated using the Lorenz-
Mie theory [27,28]. For monodispersed spheres, the scattering
coefficient μsca and absorption coefficient μabs are calculated as
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where a and fv are the sphere radius and sphere volume fraction,
Qsca and Qabs are the scattering efficiency and absorption efficiency
determined from calculations [27]. For densely packed spheres
with high volume fractions, the far-field interference interaction
between particles occurs and may result in an essential alteration
of the scattering properties. Based on the research of Cartigny et al.
[4] and Tuchin et al. [3], the dependent scattering efficiency Qsca,d,
dependent scattering coefficient μsca,d, and dependent single-
scattering Mueller matrix elements Pij,d can be calculated as
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Fig. 1. Schematic diagram of the electromagnetic scattering model.
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