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a b s t r a c t

Researches on the optical properties of small particle have been widely concerned in the
atmospheric science, astronomy, astrophysics, biology and medical science. This paper
provides an equivalent dielectric theory for the functional graded particle with anisotropic
shells, in which inhomogeneous and anisotropic particle was equivalently transformed
into a new kind of homogeneous, continuous and isotropic sphere with same size but
different permittivity, and then greatly simplify the calculation process of particle's optical
property. Meanwhile, the paper also discusses whether the charge on the particle can
change the expression of its equivalent permittivity or not. These results proposed in this
paper can be used to simulate the electrical, optical properties of layered sphere, it also
meet the research requirement in the design of functional graded particles in different
subjects.
& 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Estimation and simulation of the optical properties for
small particles became a common research subject in the
atmospheric science, astronomy, astrophysics, biology, med-
ical science and the chemistry. Because of its complexities in
particle shapes and structures [1,2], several methods to
resolve the problem have been suggested, for example,
Rayleigh approximation [3], Lorenz–Mie theory [3,4], N-
layered Mie theory [5–8], DDA [9,10], T-matrix method
[11–16], Separation of Variables Method [2,17], FDTD [18,19],
Deby series solution [20–22] etc. Besides, because of its clear
physical significance and concision, equivalent medium
theory has been obtained much attention, and it has been

used to do some numerical simulation works on the optical
and electrical properties of intermixed random medium
[23,24]. With the help of the equivalent medium theory,
Videen et al. discussed the electromagnetic scattering of
sphere with an absorptive core [25]. Kolokolova et al. simu-
lated the electromagnetic scattering property of dis-
continuous particle, and compared it with the experiment
results [26]. They found that the equivalent medium theory
does not work for calculations of back-scattering character-
istics of large particles. Li et al. proposed the equivalent
permittivity of a multilayered isotropic sphere, and discussed
its application in the calculation of particles' electromagnetic
scattering [27]. They found the equivalent permittivity can be
used when the Rayleigh hypothesis is meet. Liu et al. com-
pared the similarities and differences of four major theories
on the equivalent medium, such as the Bruggeman theory,
the Maxwell-Garnett theory, and two different Wiener
bounds, and analyzed their scopes of application in
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calculating the electromagnetic scattering properties of
inhomogeneous medium particles [28].

However, these models mentioned above are only
applicable to the isotropic medium. Meanwhile, functional
graded materials make it easy to achieve invisibility at
specific frequency ranges, which is attracting more and
more attentions from scientific researchers [29,30]. The
anisotropic shell can significantly change the electric field
distribution inside the particle, so as to realize some
interesting features [29]. Numerical simulations of the
electromagnetic field both inside and outside of the par-
ticle with different structural can give an important gui-
dance to the structural designs, and the equivalent med-
ium theory can significantly simplify related calculations
and meet the accurate requirement of engineering design.
There are quite a few researches on the optical properties
of particles with multilayered structures or some aniso-
tropic shells, but there is still a lack of detailed and sys-
tematic research on its equivalent permittivity. Therefore,
this paper devoted to the study of equivalent permittivity
of these kinds of particles with similar structures. In
addition, we also discussed the influences of the surface
charge on the particle's equivalent permittivity.

2. Basic theories and models

2.1. Equivalent permittivity of homogeneous particle with
some anisotropic shells

Assuming there's a core–shell structured spherical
particle with an anisotropic coating, and the core is an
isotropic medium, its permittivity is ϵ0 and the radius is r0.
The shell is an anisotropic material, its outer radius is r1,
and its permittivity can be expressed with the spherical
coordinate as follows,

εs ¼
εr 0 0
0 εθ 0
0 0 εφ

264
375 ð1Þ

The background medium around the particle is isotropic
and its permittivity is εh. Considering the electrostatic field
component of the incident wave is Ein ¼ E0x. With the sphe-
rical coordinates ðr; θ;φÞ, the electric potentials both inside of
the particle and outside of it can be expressed as [29,30],

ϕc ¼ �Ecr cos θ ror0 ð2aÞ

ϕs ¼ A1rt1 þA2rt2
� �

cos θ r0oror1 ð2bÞ

ϕh ¼ �rþD=r2
� �

E0 cos θ r4r1 ð2cÞ
Here t1;2 ¼ �17

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ8εθ=εr

p� �
=2, E0 is the intensity of

electrostatic field, and A1;A2; Ec;D; are undetermined
coefficients, which can be determined through the corre-
sponding boundary conditions,

r¼ r0 ϕc ¼ ϕs ε0
∂ϕc

∂r
¼ εr

∂ϕs

∂r

r¼ r1 ϕs ¼ ϕh εh
∂ϕh

∂r
¼ εr

∂ϕs

∂r

8>><>>: ð3Þ

Through Eqs. (2), (3) we can obtain

Ec ¼
3εrεhðt2�t1ÞE0

εrt2�ε0ð Þa1� εrt1�ε0ð Þa2
ð4Þ

A1 ¼ � ðεrt2�ε0ÞEc
εrðt2�t1Þrt1 �1

0

A2 ¼
ðεrt1�ε0ÞEc

εrðt2�t1Þrt2 �1
0

D¼ ~ε�εh
~εþ2εh

r30

Here

a1;2 ¼ εrt1;2þ2εh
� �

λt1;2 �1; λ¼ r1=r0; a1;2 ¼ εrt1;2þ2εh
� �

λt1;2 �1

and

~ε ¼ εrt2�ε0ð Þt1λt1 � t2 � εrt1�ε0ð Þt2
εrt2�ε0ð Þλt1 � t2 � εrt1�ε0ð Þ εr ð5Þ

Compared (2c) with the expression of outer potential
for a homogeneous sphere in a uniform electric field, ~ε can
be considered as the equivalent permittivity of spherical
particle with an anisotropic coating. As shown in the above
equation, the coefficient before E0 in Ec is a constant,
which related to the core–shell radius ratio and the per-
mittivity of the particle, which means that the core–shell
geometric parameters and the electrical properties of shell
all can change the electric field in the particle.

Based on the new parameter expression ~ε, the equiva-
lent dielectric constant of the coated sphere with an ani-
sotropic shell, and the method proposed by Li et al. [27],
we can expand this result to other conditions, and then
obtain the equivalent parameter of any particle with some
types of special structures. Those results are discussed as
follows.

1) N-layered core–shell particle with an anisotropic shell
and N�1 isotropic shells
For this kind of special particle, supposed the radius for
the core and shells are r0; r1; r2; r3;⋯rN , the permittivity
is ε0; ε1; ε2; ε3;⋯εN , respectively. Here the dielectric
constant ε1 for the first shell have a similar expression
with the Eq. (1). In order to obtain the equivalent
permittivity of this multi-layered particle, we can set
the core and the first shell as a new core, whose
dielectric constant can be obtained through the Eq. (5).
With a similar operation with reference [27] we can
obtain its permittivity,

~εn ¼
βn�1þ2gn
� �þ2δnð βn�1�gnÞ
βn�1þ2gn
� ��δnðβn�1�gnÞ

εn -
signed as

βnεn ð6Þ

here

δn ¼ r3n�1=r
3
n; gn ¼ εn=~εn�1; β1 ¼ 1; ~ε1 ¼ ~ε;

βn ¼
βn�1þ2gn
� �þ2δnðβn�1�gnÞ
βn�1þ2gn
� ��δnðβn�1�gnÞ

;n¼ 2;3;……N:

The parameter Ec in the electric potential of the core-
zone can be expressed as,

Ec ¼ 3εrεhðt2�t1ÞAE0
εrt2�εcð Þa1� εrt1�εcð Þa2

ð7Þ

A¼ ∏
N

i ¼ 2

9εhεi
ðεiþ2εhÞðgεi�1 þ2εiÞþ2δiðεi�εhÞðgεi�1 �εiÞ

ð8Þ
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