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a b s t r a c t

The relationship between the spectral line based weighted-sum-of-gray-gases (SLW)
model and the full-spectrum k-distribution (FSK) model in isothermal and homogeneous
media is investigated in this paper. The SLW transfer equation can be derived from the
FSK transfer equation expressed in the k-distribution function without approximation.
It confirms that the SLW model is equivalent to the FSK model in the k-distribution
function form. The numerical implementation of the SLW relies on a somewhat arbitrary
discretization of the absorption cross section whereas the FSK model finds the spectrally
integrated intensity by integration over the smoothly varying cumulative-k distribution
function using a Gaussian quadrature scheme. The latter is therefore in general more
efficient as a fewer number of gray gases is required to achieve a prescribed accuracy.
Sample numerical calculations were conducted to demonstrate the different efficiency of
these two methods. The FSK model is found more accurate than the SLW model in
radiation transfer in H2O; however, the SLW model is more accurate in media containing
CO2 as the only radiating gas due to its explicit treatment of ‘clear gas.’

Crown Copyright & 2014 Published by Elsevier Ltd. All rights reserved.

1. Introduction

Thermal radiation plays an important role in heat transfer
in various practical high-temperature systems, such as fur-
naces, engines, and combustors, as well as in fire spread.
The main challenges of modeling thermal radiation in gaseous
media containing high temperature combustion products are
twofold: (1) accurate and efficient solution to the spectral
radiative transfer equation (RTE) and (2) accurate and efficient
modeling of the spectral radiative properties of the combus-
tion products. Significant research efforts have been devoted
to real-gas radiative properties since the 1950s.

Remarkable progress in the development of accurate and
efficient global non-gray gas radiation methods has been
achieved in the last two decades or so. These developments
were largely based on the k-distribution methodology first
applied to atmospheric sciences by Arking and Grossman [1].
Several global non-gray gas models have been developed in
recent years, which include the spectral line-based weight-
sum-of-gray-gases (SLW) [2,3], the full-spectrum k-distribu-
tion (FSK) [4,5] model, the absorption distribution function
(ADF) model [6,7], and the spectral-line moment-based
(SLMB) model [8]. Among these models SLW and FSK are by
far the two most popular models for the reasons that they
have been extensively developed for gas radiation calculations
in non-isothermal and inhomogeneous gas mixtures [3,9,5,10]
and their model parameters for CO2 and H2O have been
determined by line-by-line calculations. Both models are

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/jqsrt

Journal of Quantitative Spectroscopy &
Radiative Transfer

http://dx.doi.org/10.1016/j.jqsrt.2014.03.013
0022-4073/Crown Copyright & 2014 Published by Elsevier Ltd. All rights reserved.

n Corresponding author. Tel.: þ1 613 993 9470; fax: þ1 613 957 7869.
E-mail address: Fengshan.liu@nrc-cnrc.gc.ca (F. Liu).

Journal of Quantitative Spectroscopy & Radiative Transfer 143 (2014) 111–120

www.sciencedirect.com/science/journal/00224073
www.elsevier.com/locate/jqsrt
http://dx.doi.org/10.1016/j.jqsrt.2014.03.013
http://dx.doi.org/10.1016/j.jqsrt.2014.03.013
http://dx.doi.org/10.1016/j.jqsrt.2014.03.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2014.03.013&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2014.03.013&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2014.03.013&domain=pdf
mailto:Fengshan.liu@nrc-cnrc.gc.ca
http://dx.doi.org/10.1016/j.jqsrt.2014.03.013
http://dx.doi.org/10.1016/j.jqsrt.2014.03.013


considered as modern development of the classical weight-
sum-of-gray-gases (WSGG) model proposed by Hottel and
Sarofim within the framework of the zone method [11]. The
connection of the SLW and FSK models to the classical WSGG
model has been discussed by Denison and Webb [2] and
Modest and Zhang [4].

Although the starting points of derivation, the resultant
transfer equations, and the numerical implementations of
the SLW and FSK models differ, they are actually closely
related to each other as first discussed by Modest [5] and
recently by Solovjov and Webb [12]. Modest showed that
the SLW RTE can be derived from the FSK RTE by approx-
imating the integration over the cumulative k-distribution
function by a trapezoidal scheme [5]. Consequently, Modest
concluded that the SLW is the crudest possible implemen-
tation of the FSK method [5]. In a recent paper, Solovjov and
Webb [12] showed that in isothermal and homogeneous
media the FSK model can be derived from the SLWmodel in
the limit of small absorption cross section increment and
the two models are just different forms of the very same
equation. Although these studies provided some useful
insights into the relationships between the two models,
the findings are still incomplete and the relationships
between the key quantities in the two models have not
been thoroughly explored.

The objective of this study is to offer new insights into
the relationship and main differences between the SLW
and FSK models by conducting a further analysis of the
two models in isothermal and homogeneous media.

2. SLW and FSK models in isothermal and homogeneous
media

2.1. The SLW model

Although detailed derivations of the SLW model have
been given originally by Denison and Webb [2] two
decades ago and more recently by Solovjov and Webb
[12], it is useful to present the key steps in arriving at the
RTE and the key variables of the SLW model to facilitate
the present discussion. The spectral RTE in an absorbing
and emitting medium can be written as

dIηðsÞ
ds

¼ �κηIηþκηIbη ð1Þ

where Iη is the spectral radiation intensity along a path s, η
is the wavenumber, Ibη is the blackbody spectral radiation
intensity, κη is the spectral absorption coefficient of the
medium and is related to the spectral absorption cross
section of the absorbing molecule Cη(Tg) through
κη¼NYCη(Tg) with N being the gas molar density, Y is the
mole fraction, and Tg is the gas temperature. The high
resolution spectral absorption cross section Cη(Tg) can be
obtained from a line-by-line (LBL) spectroscopic database.
The boundary condition at a diffuse gray wall is written as

Iwη ¼ εwηIwbηþð1�εwηÞ
1
π

Z
_n
d_so0Iwηjn̂dŝj dΩ ð2Þ

where the subscript w stands for quantities at the wall and
εwη is the wall spectral emissivity. In what follows, the
discussion will be focused on the transfer equations of the

SLW and FSK models, since inclusion of the boundary
condition in the discussion does not alter the findings of
this study.

An important quantity in the SLW method is the
absorption line blackbody distribution function (ALBDF),
first introduced by Denson and Webb [2], given as

FðCabs; Tb; Tg ; YÞ ¼ 1
IbðTbÞ

∑
i

Z
ΔηiðCηðTg ÞoCabsÞ

IbηðTbÞdη ð3Þ

where Tb and Tg are, respectively, the blackbody tempera-
ture and gas temperature and Ib is the spectrally integrated
blackbody intensity. Although not explicitly indicated, the
spectral absorption cross section Cη and ALBDF also
depend on the total pressure of the medium. In this study
the total pressure is restricted to p¼1 atm. A detailed
discussion of how the gas and blackbody temperatures
affect ALBDF was given by Denison [13]. It is noticed that
the gas temperature affects ALBDF through the integration
regions, as shown in Fig. 1 (the shaded spectral regions
represent the integration regions), which will be discussed
later on. ALBDF varies between 0 (for very small values of
absorption cross section Cabs) and 1 (for sufficiently large
values of Cabs).

The development of the SLW model starts with repre-
senting the high-resolution spectral absorption cross sec-
tion by a set of discrete values Cj (j¼1, 2, …, n) with the
help of a set of supplemental cross section ~C0, ~C1, …, ~Cn

[2,12] as shown in Fig. 1. Because the absorption cross
section varies rapidly with the wavenumber over many
orders of magnitude, the supplemental cross sections have
often been chosen logarithmically equally spaced between
the minimum value ~C0¼Cmin and the maximum value
~Cn¼Cmax [12], i.e.

~Cj ¼ CminðCmax=CminÞj=n; j¼ 0;1; :::;n ð4Þ
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Fig. 1. Schematic showing the discretization of the absorption cross
section and the corresponding wavenumber intervals of the SLW model.
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