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volume method (FVM) are among the most widely used ones. They provide a good
compromise between accuracy and computational requirements, and they are relatively
easy to integrate in CFD codes. This paper surveys recent advances on these numerical
methods. Developments concerning the grid structure (e.g., new formulations for
Keywords: axisymmetrical geometries, body-fitted structured and unstructured meshes, embedded
Discrete ordinates method boundaries, multi-block grids, local grid refinement), the spatial discretization scheme,
Flmt.e volume methoc_l o and the angular discretization scheme are described. Progress related to the solution
Spatial and angular discretization . R . . .
Solution accuracy accuracy, solut{on algorlthrp, altgrnatlve folrrnulatl.ons, such. as the modified DOM and
Solution algorithm FVM, even-parity formulation, discrete-ordinates interpolation method and method of
Parallelization strategies lines, and parallelization strategies is addressed. The application to non-gray media,
variable refractive index media, and transient problems is also reviewed.

© 2014 Elsevier Ltd. All rights reserved.

Contents
B O s U T N Tt o) o U P 122
2. DiSCretization PrOCEAUIE . . . . o\t ittt et ettt e et et e et e e e et e e e e e e et et e e e et e et e 122
I €5 [ B o € T N 123
3.1, Cell-vertex Methods . .. ..ottt e e e e e e e e e e e e 124
3.2, AXISyMMetrical GEOMEIIIES. . . .\ ottt et ettt e e et e e e e e e e e e e e 124
3.3.  Blocked-off region ProCeduUre . . ... ... ..ottt e e 125
3.4. Embedded boUNAATies. . . . .. ..ttt e e e e e 125
3.5. Body-fitted structured or unstructured rids. . ... .. ...ttt e 125
3.6, MUlti-bloCK ridS . . . .ottt e e e e 126
3.7.  Grid adaptation and local grid refinement. . . .. ... ... ... e 126
4, Spatial diSCretization . . . . . ...ttt et e e e e e e e e e e 126
5. ANgUlar diSCretization . . . .. ... i e e e e e 128
6. SOIULION ACCULACY. .+ o v et ettt et et e e e et e e e e e e e e e e e e e e e e e et e e e e e et e e e e e 129
7. Solution algoritim. . . . .. e e e e e e, 130

*Tel.: +351 218418194.
E-mail address: pedro.coelho@tecnico.ulisboa.pt

http://dx.doi.org/10.1016/j.jqsrt.2014.04.021
0022-4073/© 2014 Elsevier Ltd. All rights reserved.


www.sciencedirect.com/science/journal/00224073
www.elsevier.com/locate/jqsrt
http://dx.doi.org/10.1016/j.jqsrt.2014.04.021
http://dx.doi.org/10.1016/j.jqsrt.2014.04.021
http://dx.doi.org/10.1016/j.jqsrt.2014.04.021
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2014.04.021&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2014.04.021&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2014.04.021&domain=pdf
mailto:pedro.coelho@tecnico.ulisboa.pt
http://dx.doi.org/10.1016/j.jqsrt.2014.04.021
http://dx.doi.org/10.1016/j.jqsrt.2014.04.021

122 PJ. Coelho / Journal of Quantitative Spectroscopy & Radiative Transfer 145 (2014) 121-146

8. Alternative formulations . . . . .. ... it e e e e 132

8.1.  Modified discrete ordinates and modified finite volume methods......... ... ... ... .. . i 132

8.2.  Even parity formulation . ... ... ... ... e 133

8.3.  Discrete ordinates interpolation method . ... ... ... i e 133

8.4. Pseudo time stepping and method of liNes . . .. ... ... .ttt e 134

8.5.  Other Methods. . . . ... i e e e e 134

9. Parallel iMplementation . .. ... ...ttt ettt e e e e e e e e e e e e 135

9.1.  Parallel implementation of the standard algorithm. ... ...... ... ... .. . . . e, 135

9.2.  Parallel implementation of other solution algorithms. . .. ... ... . .. . e 137

9.3.  Parallel implementation of alternative formulations. . . ...... ... i i 137

10.  Transient ProDIEIMIS . . . . ..ottt et e e e e e e e e e e e e e e e 137
11.  Application t0 NON-Gray MEAIA. . . ..ottt ittt et ettt et e e e e e e e et e e e e e 140
12. Application to media with variable refractive iNdeX . .. ... ..t i e e 140
13, ConClUdiNg TEMATKS. . . . o\ttt ettt ettt e et e e e et e e e et et e e e e e e e e e e e 141
RO T EIICES . . . ot ittt e e e e e e e e e 142

1. Introduction

Thermal radiation is an important heat transfer mode
that is present in many problems of practical relevance, such
as energy transfer in power plants, combustion chambers,
high-temperature heat exchangers, rockets, fires, etc. Ther-
mal radiation is often combined with conduction and/or
convection, and other physical phenomena, such as turbu-
lence and combustion may also be present. This implies that
the equations governing all the relevant phenomena need to
be solved simultaneously. This article, however, is only
concerned with thermal radiation in participating media,
which is governed by the radiative transfer equation (RTE).

The present work is concentrated on radiative heat
transfer problems. We shall not address developments in
the areas of atmospheric and solar radiation, or in other
areas where the Boltzmann equation needs to be solved,
e.g., neutron transport. Radiative transfer in porous media,
plasmas and light propagation, with or without polariza-
tion, is also excluded from the present review. Similarly,
applications to practical heat transfer problems, without
new developments in the solution methods, and to
coupled and inverse problems are also excluded from the
present survey, except for exemplification purposes.

Many methods have been developed for the solution of
radiative heat transfer problems in participating media.
Among these, the discrete ordinates method (DOM) [1,2]
and the finite volume method (FVM) [3,4] are among the
most widely used ones. They provide relatively good
accuracy for a wide range of problems, with moderate
computational requirements, and are relatively easy to
integrate in CFD codes. However, similarly to other meth-
ods for the solution of the RTE, that integration may lead
to a significant increase of computational time, particularly
for non-gray media, and to additional complexity when a
finer grid is used for the fluid flow than for radiation
calculations, e.g., to comply with the requirements of fine
boundary layer resolution. The progress achieved in
the DOM and FVM in the past few years is surveyed in
the present article. Work previous to year 2000 is not
addressed here, except when needed to complement the
description of the most recent one.

The DOM and FVM are addressed together in the
present paper, since they share many features, and the

differences between them are small. The designation
‘discrete ordinates’ in the DOM strictly refers to the
angular discretization procedure, in which the RTE is
solved for a representative finite set of directions. A weight
is assigned to every direction, such that the sum of the
weights is equal to the area of the surface of a unit sphere,
and integrals over a solid angle are evaluated using a
quadrature method. In the DOM, the spatial discretization
is usually carried out using the finite volume/finite differ-
ence method, but other options are possible. Methods that
employ other spatial discretization procedures (e.g., finite
element methods, spectral methods, meshless methods)
while retaining discrete ordinates for angular discretiza-
tion will not be addressed here. The designation ‘finite
volume’ in the FVM implies that both the spatial and
angular discretizations are performed using the finite
volume discretization procedure. The radiation intensity
over a solid angle is assumed to be constant, but its
direction is allowed to vary. Hence, the DOM and the
FVM differ on the angular discretization procedure, as
described in Section 2. Only a brief description is pre-
sented here. The reader is referred to references [1-4] or
text books [5,6] for further details, or to the references
cited below for specific developments.

It is probably fair to say that advances in the DOM and
FVM reported in the past decade or so have been more
significant than for other methods. This is a consequence of
the popularity of these methods, as mentioned above. Many
of these advances have been aimed at the mitigation of the
drawbacks of the methods, namely, by extending the
application to more complex grid structures, proposing
new spatial discretization schemes for the reduction of
false scattering, or other angular discretization methods
for the reduction of ray effects. Other developments are
concerned with the solution algorithm, improvement of the
accuracy, alternative formulations, parallel implementation,
application to non-gray or variable refractive index media,
and extension to transient problems. These advances are
surveyed in the remainder of this paper.

2. Discretization procedure

A brief overview of the discretization of the RTE using
the DOM and FVM is presented below. Although transient
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