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a b s t r a c t

The present text illustrates the practice of integral formulation, zero-variance

approaches and sensitivity evaluations in the field of radiative transfer Monte Carlo

simulation, as well as the practical implementation of the corresponding algorithms, for

such realistic systems as photobioreactors involving spectral integration, multiple

scattering and complex geometries. We try to argue that even in such non-academic

contexts, strong benefits can be expected from the effort of translating the considered

Monte Carlo algorithm into a rigorously equivalent integral formulation. Modifying the

initial algorithm to simultaneously compute sensitivities is then straightforward

(except for domain deformation sensitivities) and the question of enhancing conver-

gence is turned into that of modeling a set of well identified physical quantities.

& 2012 Elsevier Ltd. All rights reserved.

1. Introduction

During the last 15 years, significant methodological
advances have been reported in the field of Monte Carlo
simulation of linear transport phenomena, in particular as
far as radiative transfer is concerned [1–3]. Among them,
attention is here devoted to integral formulation, zero-
variance approaches [4,5] and sensitivity evaluations [6],
as well as to the question of implementing practically the
corresponding algorithms when thinking of realistic sys-
tems involving spectral integration, multiple scattering

and complex geometries. Such techniques all rely on the
premise that Monte Carlo algorithms can be designed in
more subtle ways than making direct analogies with the

statistics of corpuscular transport. But along this line a

main advantage of Monte Carlo practice seems to be lost.

The fact that standard radiative transfer Monte Carlo

codes can be pictured as close translations of well

established physical pictures of photon emission, diffu-

sion, scattering, reflection and absorption implies indeed

that such codes are easy to design and easy to upgrade

toward the representation of additional (or further accu-
rate) physical phenomena. If the use of advanced Monte

Carlo techniques implies that these physical pictures are

hidden behind complex algorithmic tricks, or that the

corresponding codes become so complex that implemen-

tation and upgrading are sources of strong practical
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difficulties, then radiative transfer specialists will be
reluctant to make an effective use of these techniques,
whatever their expected benefits. We try to argue here (and
illustrate with a photobioreactor example) that these draw-
backs vanish as soon as a strict relationship is made, in an
explicit manner, between the considered linear transport
Monte Carlo algorithm and the corresponding integral
transport formulation. Provided that the relationship is
made systematically, whatever the complexity of the pro-
blem, the whole reasoning can be made in terms of radiative
transfer formulations, keeping all the immediate benefits of
available physical pictures. This also implies that the tech-
nical aspects that have no direct relation with physical
reasoning, in particular the statistical treatments, paralleli-
zation, pure geometrical considerations, etc, can all be
translated into scientific computation libraries and can be
used in quite straightforward manners.

Photobioreactors are processes of biomass production
in which photosynthesis is catalyzed by photosynthetic
microorganisms in aqueous suspensions constituting
non-gray absorbing and anisotropically scattering media.
Careful radiation transfer analysis of photobioreactors is
identified as the clue for efficient design and efficient
operation [7–11]. Monte Carlo methods seem to be
appropriate for such an analysis since they allow to tackle
the intermediate optical depths and quite complex geo-
metries that are encountered in this context. The present
work focuses on a cylindrical reactor prototype (cultivat-
ing the micro-algae Chlamydomonas reinhardtii) in which
the incident solar light flux density is diluted in the
volume of culture thanks to a thousand of light-diffusing
optical fibers emitting a quasi homogeneous density flux
on the totality of their surface. All details and the
corresponding notations are provided in Figs. 1 and 2
(the microorganism density Z is uniform within the

culture volume V, emission is negligible, ka,n ¼ Zsa,n and
ks,n ¼ Zss,n are the absorption and scattering coefficients).
The following methodological discussions address the
estimation of the specific number of photons Aðx0Þ

absorbed in the photosynthetically active radiation
domain ½nmin,nmax�, at a location x0 within the microorgan-
ism suspension:

Aðx0Þ ¼
1

Z

Z nmax

nmin

dn
Z

4p
dx0ka,n

Lnðx0,�x0Þ

hn

¼

Z nmax

nmin

dn
Z

4p
dx0sa,n

Lnðx0,�x0Þ

hn ð1Þ

where Lnðx0,�x0Þ is the intensity at x0 in the direction
�x0 at frequency n, and h is Planck’s constant. Aðx0Þ

locally determines the kinetics of production within the
culture volume since it represents the energy that enters
the photosynthesis [7]. The surface productivity of photo-
bioreactors is directly linked to their energetic efficiency
which estimation implies to calculate Aðx0Þ for more than
106 different locations in order to evaluate the production
rates integrated over the whole reactor volume (which
cannot be done inside the presented Monte Carlo algo-
rithm since the local production rates are non-linear
functions of Aðx0Þ). This calculation is then repeated for
several sets of operational and design parameters, as a
part of design/operation optimization procedures. There-
fore, the reduction of the calculation times and the
opportunity to estimate sensitivities of Aðx0Þ at low
calculation costs (in order to accelerate the optimization
procedures, thinking for example of a method of steepest
descent) both constitute important practical concerns.
For these reasons, the simulations presented hereafter
are parallelized and make use of computation tools
developed by the computer graphics research community
for the acceleration of photon tracking in complex

Fig. 1. (a) Prototype of solar volumetrically lightened photobioreactor [8]. (b) EDStar geometry: both the reactor (R) and the 979 light-diffusing optical

fibers (F ) are cylinders of height 1 m; reactor diameter is 16.5 cm; distance between two fiber axis is dF ¼ 4:8 mm; fiber radius is rF ¼ 1:2 mm. R and F
are diffuse-reflective with uniform reflectivities rR and rF respectively. F is Lambertian emitting with a uniform surface flux density jn . (c) 2d

hexagonal lattice fiber arrangement; an optical path example within the culture medium V; at the bottom left, description of how the location of x0 is

defined around a given fiber (eðyÞ ¼ ðdF =2Þ1= cos ðyÞ).
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