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a b s t r a c t

An application of one-dimensional velocity approach to calculation of speed-dependent

spectral line profiles was considered. It was shown that a mean deviation of the line

profile obtained within this approach from the line profile derived with integrating over

three projections of an absorbing molecule’s velocity does not exceed 1.1% at mass ratios

of perturbing and absorbing molecules r9. Analytical approximate expressions for

speed-dependent line profiles, including spectral line narrowing and mixing, were

obtained for one- and three-dimensional velocity approaches.

& 2013 Published by Elsevier Ltd.

1. Introduction

Quantitative spectroscopic data processing assumes
the use of model line profiles including most essential
physical factors of their forming. One of the conventional
profiles is the speed-dependent line profile in the hard
velocity-changing collisions model (e.g., see Refs. [1,2]
and review of the problem therein). In this paper, we shall
consider one of the aspects of a derivation of the speed-
dependent line profiles on the basis of the one-
dimensional velocity approach [3–9]. The essence of it is
as follows.

Quantum kinetic equations for density matrix include
three-dimensional (3D) velocity vectors, and the expres-
sion for a spectral line profile obtained from these equa-
tions implies averaging over velocities of light-absorbing
molecules. In the case of speed-independent collision
relaxation constants, this averaging reduces to the aver-
aging over the only component of a velocity, which is
parallel to a light wave vector. Thus, the problem becomes
one-dimensional. In a general case of speed-dependent

relaxation constants, a line profile is more complicated due

to the necessity to carry out the averaging over all three
components of the velocity. This circumstance hampers
analytical and especially numerical calculations of a line

profile. To avoid this difficulty, the one-dimensional
approach was proposed in Refs. [3–9] which consists in
preliminary averaging of master equations over projections
of a velocity perpendicular to a wave vector under suppo-

sition that the elements of a density matrix are products of
two factors depending on longitudinal and transversal
components of velocity. Of course, such approach encloses
some systematic errors, at present being not quite definite.

In particular, this approach was used in derivation of
speed-dependent line profiles [10,11]. But the final expres-
sions for the line profiles in Refs. [10,11] are obtained in a

rough approximation where the averaging of relaxation
constants over transversal components of velocity is
neglected. This leads to distortion of manifestations of
the wind effect (the dependence of relaxation constants

on speed of absorbing molecules). Namely, calculations
based on a further content of this paper show that maximal
amplitude of the line profiles [10,11] exceeds a true one
from 10% to 40% depending on the mass ratio of perturbing

and absorbing molecules.
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The goals of this paper are to derive a correct 3D-line
profile; to improve the variant of 1D-approximation
used in Refs. [10,11]; to estimate systematic errors inher-
ent in the 1D-approach; and to develop analytical approx-
imation for a 3D-line profile for the sake of its rapid
computation.

2. 3D-line profile

The equation for density matrix in the hard velocity-
changing collisions model, which determines a profile of a
single spectral line, is [10]

½nðvÞ�iðO�kvÞ�RðvÞ� ~nðvÞWðvÞ
R

RðvÞdv¼ iVn0WðvÞ;

O¼o�o0, WðvÞ ¼ expð�v2=v2
Þ=ðp3=2v3

Þ, v¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT=ma

q
, V ¼ dE=ð2_Þ:

ð1Þ

Here R(v) is a constant part of a transition polarization
(i.e., normalized light-induced dipole moment); n and ~n
are the speed-dependent output and input frequencies of
collision integral [3,4], respectively; o and o0 are the
current frequency and the frequency of a line center,
respectively; k is the wave vector; v is the velocity of an
active molecule; V is the Rabi frequency; n0 is the
equilibrium population difference; d is the matrix ele-
ment of a dipole moment; E is the amplitude of the
electric field of a light wave; kB is the Boltzmann constant;
T is the gas temperature; ma is a mass of the absorbing
molecule; and _ is the Plank constant. Radiative decay
constants in Eq. (1) are omitted.

The absorption coefficient expresses via the solution of
Eq. (1) as

KðoÞ ¼ 8pNdo
cE

Im

Z
RðvÞdv, ð2Þ

where N is the density of the active molecules and c is the
light speed.

The commonly used dependence of collision relaxation
constants on speed derived for the intermolecular inter-
action potential U(r)¼�C/rn, where r is the distance
between colliding molecules and C is the constant of an
intermolecular interaction, is [12,13,1,2,10]

nðvÞ=n0 ¼ ~nðvÞ= ~n0 �jðs,bÞ ¼F � 1
2 þ

1
n�1 , 3

2 ,�bs
� �

;

s¼ v2=v2, b¼mb=ma, n0 ¼ nð0Þ, ~n0 ¼ ~nð0Þ, ð3Þ

where mb is the mass of a perturbing molecule and F(a, b, z)
is the confluent hypergeometric function [14]. The relation-
ships of the output and input collision frequencies chosen in
Eq. (3) as frequencies at zero speed with the respective
frequencies averaged over velocity are the same as the
relationship for homogeneous line half-widths G and g
[10,11]: G¼ 1þbð Þ

�ð1=2Þþ ð1=n�1Þg, where G is the half-
width at v¼0 and g is the respective quantity averaged
over the velocity (Gog for n43).

Solution of Eq. (1) with integrating over the velocity
carried out in the spherical coordinate system gives the
sought for 3D-line profile

KðOÞ ¼
S

p3=2kv
Im

J 1ðO,n0,bÞ
1þ i ~n0J 2ðO,n0,bÞ=ð

ffiffiffiffi
p
p

kvÞ
;

J 1ðO,n0,bÞ ¼
Z 1

0
e�slog 1�

2kv
ffiffi
s
p

Oþ in0jðs,bÞþkv
ffiffi
s
p

� �
ds,

J 2ðO,n0,bÞ ¼
Z 1

0
jðs,bÞe�slog 1�

2kv
ffiffi
s
p

Oþ in0jðs,bÞþkv
ffiffi
s
p

� �
ds;

S¼ 4p2Nn0d2o=ðc_Þ ð4Þ

where S is the line intensity.
In the absence of collision line narrowing, ~n0 ¼ 0, the

line profile K (O) Eq. (4) reduces to the following expres-
sion:

KSDV ðOÞ ¼
S

p3=2kv

Z 1
0

e�stan�1
2
ffiffi
s
p

G
0

bkvds;

ðO�G
00

bÞ
2
þG

02
b �sðkvÞ2

G
0

bþ iG
00

b ¼ ðn0� ~n0Þjðs,bÞ, ð5Þ

which coincides with the speed-dependent Voigt profile
[12], taking into account the relationships [14]

logðxþ iyÞ ¼
1

2
logðx2þy2Þþ i tan�1ðy=xÞ, tan�1ðy=xÞ

¼ p=2� tan�1ðx=yÞ,

where tan�1(y/x) is defined in all the planes of variables x

and y, i.e. it is understood as arg(xþ iy).
From Eq. (4) it follows that the related integrals K and

L in Refs. [10,11] must be replaced by � iJ 1=p and
� iJ 2=p, respectively. That gives the transition to the
3D-approach. The alternative manner of improving line
profiles [10,11] within the 1D-approach is described in
Section 3.

In the case of M mixed lines the line profile can be
obtained from Eq. (4) in the same manner that was used
in Ref. [10] in the derivation of a general line profile
(Eq. (22) in Ref. [10] and Eq. (1) in Ref. [11]):

KMðoÞ ¼
1

p3=2
Im

XM
m ¼ 1

Sm

kmv
UðOm,nm0Þ= 1þ

iffiffiffiffi
p
p

XM
l¼ 1

lam

zl

klv
UðOl,nl0Þ

2
6666664

3
7777775
;

UðOm,nm0Þ ¼
J 1ðOm,nm0Þ

1þ i½ ~nm0J 2ðOm,nm0Þ�zmJ 1ðOm,nm0Þ�=ð
ffiffiffiffi
p
p

kmvÞ
,

Om ¼o�om0, km �om0=c: ð6Þ

Here the indices m and l denote spectral lines, Sm and
om0 are the line intensities and centers, respectively, and
zm are the cross-relaxation (line mixing) parameters
defined in Ref. [10].

For dispersion intermolecular interaction with n¼6,
formulas for rapid approximate calculation of the inte-
grals J 1 and J 2 and hence the line profiles Eqs. (4) and
(6) are presented in Appendix A.

The relative mean quadratic deviation of the approx-
imate line profile Kappr(O) calculated with formulas given
in Appendix A from the exact line profile Eq. (4),

s¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXJ

j ¼ 1

½KðOjÞ�KapprðOjÞ�
2=ðJ�1Þ

vuut =Kð0Þ, ð7Þ

is presented in Fig. 1. The time required for calculating
Kappr(O) is 6 times shorter than the time of calculating the
approximate line profile [11].
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