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a b s t r a c t

The relationship between the direct and diffuse radiation is analyzed. It is shown that

the solution of diffuse radiation is a special case of the solution for direct radiation.

No extra effort is needed to find out the solution of diffuse radiation. Under the single-

layer condition, the diffuse reflection/transmission/absorption are compared for the

two-stream and four-stream approximations. It is found that the d-four-stream

approximation can dramatically improve the accuracy of the d-two-stream approxima-

tion, with relative error generally less than 5%.

& 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Radiative transfer process is a key issue for remote
sensing and climate modeling. In the past several decades,
a lot of attention has been paid to the analytical solution
of radiative transfer [1–11].

There are two types of solar radiative transfer, and the
corresponding results in reflection/transmission are treated
separately as the direct and diffuse. The direct radiation is
associated with the direct incoming solar beam and the
diffuse radiation is associated with the assumed isotropic
incoming radiation. Their difference is mainly from the
boundary condition.

The diffuse radiation is important because it is used in
the multi-layer radiative transfer process based on the
doubling/adding method [7,12], which comes from the
invariance principle proposed by Chadrasekehar. In addi-
tion, the properties of diffuse radiation have been used in
the past to provide an estimation for global radiative
effect of aerosol [13].

The solutions of radiative transfer for the direct and
diffuse radiation are obtained in different ways. A natural
question is what is the relationship between the direct and
diffuse radiation. Is there any connection between them?
In this work we will show, at least for the discrete ordinate
method (DOM), the solution of diffuse radiation is a special
case for the solution of direct radiation. This helps us to
understand the physical essentials of the diffuse radiation.

For the direct radiation, the accuracy of the single-
layer reflection and transmission has been demonstrated
in [3,7,14] for both of the two-stream and four-stream
approximations. For the diffuse radiation, the accuracy of
reflection/transmission has been discussed in [15] but
only for the two-stream case. In the following, we will
show the improvement in accuracy for the diffuse radia-
tion by extending the two-stream approximation to the
four-stream approximation.

2. Relationship between the direct and diffuse radiation

The azimuthally averaged radiative transfer equation
for the solar intensity Iðt,mÞ in a plane-parallel atmo-
sphere is

m dIðt,mÞ
dt ¼ Iðt,mÞ�o

2

Z 1

�1
Iðt,m0ÞPðm,m0Þ dm0, ð1Þ
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where m is the cosine of the local zenith angle, t is the
optical depth, o is the single scattering albedo, Pðm,m0Þ is the
azimuthally averaged scattering phase function defining
the light incidence at m0 and scattered away at m, m0 is the
cosine of the solar zenith angle. The upward and downward
fluxes are

F 7
ðtÞ ¼ 2p

Z 1

0
Iðt,7mÞm dm:

2.1. Direct radiation

For direct radiation, there is a direct solar beam hitting
the upper level of the considered layer and there is no
upward diffuse radiance at the bottom of the layer. The
radiative transfer equation is

m dIðt,mÞ
dt

¼ Iðt,mÞ�o
2

Z 1

�1
Iðt,m0ÞPðm,m0Þ dm0, ð2aÞ

Ið0,�mÞ ¼ dðm,m0Þ
F0

2p , ð2bÞ

Iðt0,mÞ ¼ 0, ð2cÞ

where t0 is the total optical depth of the medium, and F0

is the solar flux at the top of the layer. The radiation field
can be decomposed into two parts:

Iðt,mÞ ¼ Idirðt,mÞþ Idif ðt,mÞ,

where Idirðt,mÞ is the direct solar beam (photons without
experiencing scattering), Idif ðt,mÞ is the diffuse beam
(photons experiencing at least one event of scattering).
Thus, we have

m dIdirðt,mÞ
dt ¼ Idirðt,mÞ, ð3aÞ

Idirð0,�mÞ ¼ dðm,m0Þ
F0

2p , ð3bÞ

Idirðt0,mÞ ¼ 0: ð3cÞ

From (2) and (3) the diffuse beam satisfies

m
dIdif ðt,mÞ

dt
¼ Idif ðt,mÞ�o

2

Z 1

�1
½Idirðt,m0Þþ Idif ðt,m0Þ�Pðm,m0Þ dm0,

ð4aÞ

Idif ð0,�mÞ ¼ 0, ð4bÞ

Idif ðt0,mÞ ¼ 0: ð4cÞ

The solution of (3) is

Idirðt,mÞ ¼ 0, ð5aÞ

Idirðt,�mÞ ¼ dðm,m0Þ
F0

2p
e�t=m0 : ð5bÞ

Substituting (5) into (4), we have

m
dIdif ðt,mÞ

dt ¼ Idif ðt,mÞ�o
2

Z 1

�1
Idif ðt,m0ÞPðm,m0Þ dm0

�
oF0

4p
e�t=m0 Pðm,�m0Þ: ð6aÞ

Idif ð0,�mÞ ¼ 0, ð6bÞ

Idif ðt0,mÞ ¼ 0: ð6cÞ

Eq. (6) is the well-known radiative transfer equation for the
diffuse beam of the direct radiation [16]. The exact solution
of it is difficult to obtain. Therefore, two-stream and four-
stream approximations are widely used to solve (6).

In the two-stream case, the analytical solution of (6)
has been obtained and widely used [2,4,6,17]. Here we
show the solutions based on [17], since in that the results
of direct radiation are the function of diffuse radiation.
The direct reflection and transmission are obtained as

rðm0Þ ¼
Fþdif ð0Þ

m0F0
¼
m1

m0

½Eð1�te�t0=m0 Þ�gr �, ð7Þ

tðm0Þ ¼
F�dif ðt0Þ

m0F0
þe�t0=m0

¼
m1

m0

½gðe�t0=m0�tÞ�Ete�t0=m0 �þe�t0=m0 , ð8Þ

where

e¼ 0:5ðaþbÞ, g¼ 0:5ða�bÞ, a¼�
om2

0

1�m2
0k2

1�og

m2
1

þ3g

 !
,

b¼
om2

0

1�m2
0k2

ð1�oÞ3gm0

m1

þ
1

m0m1

" #
, k¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�oÞð1�ogÞ

p
=m1,

and m1 ¼ 1=
ffiffiffi
3
p

:

r and t are the reflection/transmission for the diffuse
radiation,

r ¼ abðekt0�e�kt0 Þ=N, ð9Þ

t ¼ ða2�b2
Þ=N, ð10Þ

where N¼ a2ekt0�b2e�kt0 , a¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�og

p
þ

ffiffiffiffiffiffiffiffiffiffiffi
1�o
p

and
b¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�og

p
�

ffiffiffiffiffiffiffiffiffiffiffi
1�o
p

.
The four-stream approximation has been discussed in

detail by [3,18,16]. Using the 2-node Gaussian quadrature
to expand the phase function, the corresponding radiative
transfer equation is

mi

dIi
dif

dt
¼ Ii

dif�
o
2

X3

l ¼ 0

olPlðmiÞ
X2

j ¼ �2

Ij
dif PlðmjÞaj

�
o
4p

F0e�t=m0

X3

l ¼ 0

olPlðmiÞPlð�m0Þ, ð11Þ

where i¼ 71,72, Ii
dif ¼ Idif ðt,miÞ, the quadrature point

m�i ¼�mi and the weight a�i ¼ ai, with m1 ¼ 0:2113248,
m2 ¼ 0:7886752, and a1 ¼ a2 ¼ 0:5 [19]. The fluxes in the
upward and downward directions are defined as

F 7
dif ðt,m0Þ ¼ 2p½a1m1I1

dif ðt,7m1Þþa2m2I2
dif ðt,7m2Þ� ð12Þ

and direct reflection/transmission are

rðm0Þ ¼
Fþdif ð0,m0Þ

m0F0
, ð13aÞ

tðm0Þ ¼
F�dif ðt0,m0Þ

m0F0
þe�t=m0 : ð13bÞ

The absorption for the direct and diffuse radiation are
aðm0Þ ¼ 1�rðm0Þ�tðm0Þ and a ¼ 1�r�t , respectively.
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