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a b s t r a c t

The Debye-series decomposition is of importance for understanding of light scattering

features and for the validity of the geometrical optics approximation to light scattering.

The numerical stability and accuracy for calculating light scattering with Debye series is

studied and an improved algorithm is proposed in this work. The ratios of the Riccati–

Bessel functions and the logarithmic derivatives of the Riccati–Bessel functions are

employed and calculated with proper recurrences. Exemplifying results are provided to

show the improvement of the algorithm.

& 2009 Elsevier Ltd. All rights reserved.

1. Introduction

The Lorenz-Mie theory [1–3], expressed in terms of an
infinite series, provides a rigorous solution to the problem of
light scattering from homogeneous spheres. However, it
gives a global description of the scattering but does not give
much insight into the physical processes involved in
scattering such as the multiple reflections and refractions
at the interfaces of the scatterer. ‘‘It turns out that writing
each term of the Mie infinite series as another infinite series,
known as the Debye series, clarifies the physical origins of
many effects that occur in electromagnetic scattering’’ [4,5].
The Debye series expansion (DSE) allows for the decom-
position of the global physical process in a series of local
interactions. The reflections and the refractions at each
interface of the scatterer are therefore clearly shown. In this
sense this method brings a better physical understanding.
The use of Debye series has been a key to the understanding
of light scattering features, such as rainbows, glories,
coronas, and other phenomena [6–14]. Furthermore, it is
also used as a criterion to validate the geometrical optics

approximation of light scattering [15–17]. Nevertheless,
numerical calculation of the Debye series is much more
difficult than the calculation of the Mie series. Some
computational problems are still left unsolved in the Debye
calculation. This paper presents an improved algorithm for
the calculation of the Debye series. The ratios of the Riccati–
Bessel functions and the logarithmic derivatives of the
Riccati–Bessel functions are employed and are calculated
with the different recurrences. Numerical calculations are
tested to check the stability and the accuracy of the
algorithm, by comparing the numerical results of the Debye
series calculation to those of the Mie calculation.

2. Mie coefficients and Debye series

The light scattering of a plane wave by a homogeneous
sphere, given in the Mie series, is expressed in terms of
the Mie scattering coefficients an and bn, which can be
calculated with [18,19]

an ¼ Að1lÞ
n ðxÞ

Dð1Þn ðyÞ �mDð1Þn ðxÞ

Dð1Þn ðyÞ �mDðlÞn ðxÞ

bn ¼ Að1lÞ
n ðxÞ

mDð1Þn ðyÞ � Dð1Þn ðxÞ

mDð1Þn ðyÞ � DðlÞn ðxÞ
ð1Þ
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where DðlÞn ðzÞ is the logarithmic derivative of the Riccati–
Bessel functions, defined as

DðjÞn ðzÞ ¼
d

dz
ln RðjÞn ðzÞ ð2Þ

l is taken to be 3 or 4 depending on the choice of the time
convention expð�iotÞ or expðiotÞ. The Riccati–Bessel func-
tions are Rð1Þn ðzÞ ¼cnðzÞ, Rð2Þn ðzÞ ¼ wnðzÞ, Rð3Þn ðzÞ ¼ xð1Þn ðzÞ ¼

cnðzÞ � iwnðzÞ and Rð4Þn ðzÞ ¼ xð2Þn ðzÞ ¼cnðzÞþ iwnðzÞ, respec-
tively. The variable z is the dimensionless particle size para-
meter x(i.e. z¼ x¼ pd=l, where d is the particle diameter
and l the wavelength of the light in vacuum) or the product
of the particle size parameter x and the relative refractive
index m (i.e. z¼ y¼mx). The relative refractive index
m¼m1=m2 is the ratio of the refractive index of the sphere
m1 to that of the medium m2. For an absorbing particle, the
relative refractive index m is complex and its imaginary part
may be positive or negative depending on the choice of the
time convention. AðklÞ

n ðzÞ is the ratio of the Riccati–Bessel
functions, defined as

AðklÞ
n ðzÞ ¼

RðkÞn ðzÞ

RðlÞn ðzÞ
ð3Þ

The calculation of the Mie coefficients an and bn requires the
calculation of the logarithmic derivatives of the Riccati–
Bessel functions (i.e. Dð1Þn ðxÞ, Dð1Þn ðyÞ and DðlÞn ðxÞ) and the ratio
of the Riccati–Bessel functions Að1lÞ

n ðxÞ.
As long as the scattering coefficients an and bn are

calculable, physical quantities in light scattering such as
extinction efficiency kext, scattering efficiency ksca, absorb-
ing efficiency kabs, the complex scattering amplitudes for
two orthogonal directions of incident polarization s1 and
s2 as well as the scattering intensities i1 and i2 can be
calculated [1–3]:

kext ¼
2

x2

X1
n ¼ 1

ð2nþ1ÞReðanþbnÞ

ksca ¼
2

x2

X1
n ¼ 1

ð2nþ1Þðjanj
2þjbnj

2Þ

kabs ¼ kext � ksca ð4Þ

i1ðyÞ ¼ js1ðyÞj2 ¼
X1
n ¼ 1

2nþ1

nðnþ1Þ
½anpnðyÞþbntnðyÞ�

�����
�����
2

i2ðyÞ ¼ js2ðyÞj2 ¼
X1
n ¼ 1

2nþ1

nðnþ1Þ
½antnðyÞþbnpnðyÞ�

�����
�����
2

iðyÞ ¼
i1ðyÞþ i2ðyÞ

2
ð5Þ

where pn(y) and tn(y) are the angular functions, which
can be expressed in terms of the associated Legendre
polynomials and can be computed by upward recurrence
from the relations [1]

pnðyÞ ¼
2n� 1

n� 1
cosypn�1ðyÞ �

n

n� 1
pn�2ðyÞ

tnðyÞ ¼ n cosypnðyÞ � ðnþ1Þpn�1ðyÞ ð6Þ

beginning with p0=0 and p1 ¼ 1.

The scattering coefficients an and bn can also be
written as a decomposition of Debye-series so that they
can represent the separated contributions of the scattered
waves [4,9].

an ¼
1

2
1� R212

n;TM �
T21

n;TMT12
n;TM

1� R121
n;TM

" #

¼
1

2
1� R212

n;TM �
X1
p ¼ 1

T21
n;TMðR

121
n;TMÞ

p�1T12
n;TM

" #

bn ¼
1

2
1� R212

n;TE �
T21

n;TET12
n;TE

1� R121
n;TE

" #

¼
1

2
1� R212

n;TE �
X1
p ¼ 1

T21
n;TEðR

121
n;TEÞ

p�1T12
n;TE

" #
ð7Þ

The subscripts TE and TM denote the polarization in the
light scattering. R212

n and R121
n are the partial-wave

reflection coefficients, T12
n and T21

n are the partial-wave
transmission coefficients (as denoted in Fig. 1). By using
the ratio of the Riccati–Bessel functions and the
logarithmic derivatives of the Riccati–Bessel functions,
they are expressed as [9]

Tn;TE ¼m
Að34Þ

n ðyÞ

Að34Þ
n ðxÞ

Dð3Þn ðxÞ � Dð4Þn ðxÞ

Dð3Þn ðxÞ �mDð4Þn ðyÞ

Dð3Þn ðyÞ � Dð4Þn ðyÞ

Dð3Þn ðxÞ �mDð4Þn ðyÞ

R212
n;TE ¼ �

1

Að34Þ
n ðxÞ

Dð4Þn ðxÞ �mDð4Þn ðyÞ

Dð3Þn ðxÞ �mDð4Þn ðyÞ

R121
n;TE ¼ � Að34Þ

n ðyÞ
Dð3Þn ðxÞ �mDð3Þn ðyÞ

Dð3Þn ðxÞ �mDð4Þn ðyÞ
ð8Þ

Tn;TM ¼m
Að34Þ

n ðyÞ

Að34Þ
n ðxÞ

Dð3Þn ðxÞ � Dð4Þn ðxÞ

mDð3Þn ðxÞ � Dð4Þn ðyÞ

Dð3Þn ðyÞ � Dð4Þn ðyÞ

mDð3Þn ðxÞ � Dð4Þn ðyÞ

R212
n;TM ¼ �

1

Að34Þ
n ðxÞ

mDð4Þn ðxÞ � Dð4Þn ðyÞ

mDð3Þn ðxÞ � Dð4Þn ðyÞ

R121
n;TM ¼ � Að34Þ

n ðyÞ
mDð3Þn ðxÞ � Dð3Þn ðyÞ

mDð3Þn ðxÞ � Dð4Þn ðyÞ
ð9Þ

where Tn;TE ¼ T21
n;TET12

n;TE and Tn;TM ¼ T21
n;TMT12

n;TM.
Each term of the right-hand side of Eq. (7) has a clear

physical interpretation. The first term describes the
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Fig. 1. Schematic of the Debye series.
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