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Abstract

The main subject of the work is to provide the most effective way of determining the expansion of some quantities into
orthogonal polynomials, when these quantities are known only along some limited number of sampling directions. By
comparing the commonly used Houston method with the method based on the orthogonality relation, some relation-
ships, which define the applicability and correctness of these methods, are demonstrated. They are verified for various
sets of sampling directions applicable for expanding quantities having the full symmetry of the Brillouin zone of
cubic and non-cubic lattices. All results clearly show that the Houston method is always better than the orthogonality-
relation one. For the cubic symmetry we present a few sets of special directions (SDs) showing how their construction
and, next, a proper application depend on the choice of various sets of lattice harmonics. SDs are important mainly
for experimentalists who want to reconstruct anisotropic quantities from their measurements, performed at a limited
number of sampling directions.
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1. Introduction

In crystals, various physical quantities, both in the
real and reciprocal spaces, are invariant under trans-
formations of the point group of the crystal. Let
f (p) denotes such a quantity, a function of the vector
p = (p, θ, φ) = p

(
sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)

)
(in

spherical and cartesian coordinates, respectively), be-
longing to a particular space. For many applications it is
convenient to express this function as an expansion into
a series of lattice harmonics Fl,ν(θ, φ) of an appropriate
symmetry[1]:

f (p) = f (p, θ, φ) =
∑
l,ν

fl,ν(p) Fl,ν(θ, φ) , (1)

where the index ν distinguishes harmonics of the same
order l. Due to the orthogonality of the lattice harmon-
ics, fl,ν(p) are expressed by the integrals:.

fl,ν(p) =
∫

f (p, θ, φ) Fl,ν(θ, φ) sin(θ) dθ dφ (2)

The use of the notation “p” is connected with the fact
that we consider quantities in the momentum space in
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which screw-rotation axes and glide-reflection planes
are replaced by rotation axes and reflection planes.
Moreover, our considerations are restricted to quantities
having the full symmetry of the Brillouin zone, for ex-
ample, the electron momentum density, the Fermi sur-
face, the effective mass, and others. Of course, the men-
tioned expansion is valid also in the real space if har-
monics are the same (i.e. except crystals described by
non-symmorphic groups). What are the benefits of the
lattice harmonics expansion? Apart from the fact that
theoretical calculations (the same concerns experimen-
tal investigations) are limited to the irreducible part of
the Brillouin zone (or the Wigner-Seitz cell), knowledge
of the expansion coefficients fl,ν(p) allows to determine
values of f (p) at an arbitrary point p. Of course, the
quantity f (p) is reasonably described by Eq. (1) if the
series is well convergent and sufficiently accurate when
limited to some finite number of the lattice harmonics.
Here it should be pointed out that, in order to estimate
properly a few components f l,ν(p) from knowledge of
f (p) along a few sampling directions, one should use
very particular directions of p, the so-called special di-
rections (SDs), proposed for the first time by Bansil [2].

The expansion into lattice harmonics (or into spher-
ical harmonics in the absence of a symmetry) has also
other very important applications. It allows for analyti-
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