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a b s t r a c t

The damage of metallic alloys induced by tensile deformation can be well described by Gurson-
Tvergaard-Needleman (GTN) model. However, damage growth under intense shear loading, which has
been found in micro-/macro-indentation tests, cannot be captured by this model. In this paper, an exten-
sion to GTN model is proposed to explain the damage induced by spherical indentation deformation. The
nucleation of the secondary voids and the shear softening and localization due to the existing voids are
taken into account. An independent law is proposed for the evolution of damage as a function of porosity.
An implicit numerical integration using the generalized mid-point algorithm is formulated in the pre-
sented paper. Based on the extended GTN model, indentation simulations are performed. It is found that
the coexistence of the shear softening and the nucleation of the secondary void mechanism is adequate to
explain the damage induced by indentation as a result of the good agreement between the experimental
measurement and the simulation prediction.

� 2016 Published by Elsevier B.V.

1. Introduction

Damaged plasticity models have been widely used in the past
twenty years in predicting the ductile fracture of engineering
structures such as pipelines and nuclear vessels. There are many
different constitutive models capable of describing the damage of
materials. McClintock [1], Rice and Tracey [2] proposed a model
describing the growth of spherical or cylindrical voids. Assuming
that the plastic deformation of the matrix material surrounding
the spherical voids obeys the J2 theory, Gurson [3] proposed a phe-
nomenological model which describes the void growth under the
influence of mean stress. Based on a bifurcation study, Tvergaard
[4] suggested modifying the Gurson’s yield criterion by incorporat-
ing two additional parameters. In order to account for the rapid
drop in stress carrying capacity, Tvergaard and Needleman [5] later
on suggested replacing the actual void volume fraction by the
effective void volume fraction, i.e. an artificially accelerated void
growth. The formulation proposed by Gurson, improved by Tver-
gaard and Needleman, i.e. the GTN model, is widely used to
describe the damage and failure behavior of metallic materials.
Within the range of high levels of stress triaxialities where

spherical void growth is the predominant mechanism, the GTN
model has very good predictive performance.

Recently, several experimental investigations find that indenta-
tion deformation may induce noticeable damage to ductile metals
manifested by the degradation of the measured elastic modulus at
micro/macro scale [6–8]. Considering the indentation is dominated
by compressive and shear deformation, no or only insignificant
damage would be induced to the ductile materials according to
the classical GTN model. In addition, many other studies also find
that significant damage may be induced by shear deformation. To
account for the damage induced by shear softening, several exten-
sions have been proposed to the classical GTNmodel throughmod-
eling the distortion of the existing voids and/or the nucleation of
the secondary voids [9–11]. These extended GTN models predict
the failure of ductile materials very well under simple shear tests.
However, their performance needs further verifications by more
complex tests such as the indentation test where both shear and
compressive deformations exist.

The purpose of the present study is to investigate the mecha-
nism for the indentation-induced ductile damage. Firstly, the clas-
sical GTN model will be briefly reviewed. The physics for the
proposed extensions will be explained. Then finite element simula-
tions on indentation tests will be conducted based on the extended
GTN models. The validity of the extensions will be discussed
through the comparison between the numerical simulations and
experimental measurements.
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2. Gurson-Tvergaard-Needleman model

In order to describe ductile damage and fracture, Gurson [3]
proposed a micromechanical model which took into account a
strong coupling between damage and plastic strain. Under an
assumption of spherical voids uniformly dispersed within a solid
with a volume fraction f , the pressure dependent yield condition
has been developed in the following form,

uðf ;p; qÞ ¼ q2

r2
M

þ 2q1f cosh �3q2p
2rM

� �
� 1� ðq1f Þ2 ð1Þ

where p and q are the pressure and the von Mise stress respectively,
rM donates the flow stress of the matrix material, q1 and q2 are
material constants and q1 ¼ q2 ¼ 1 in the original model. This
model took into account the interaction between voids and the
effect of void growth but the proposed yield surface could not accu-
rately represent the void growth rates and completely neglected the
void coalescence.

Based on a bifurcation study, Tvergaard [4] proposed modifying
the Gurson yield condition by setting q1 ¼ 1:5 and q2 ¼ 1, q1 and q2

allow to describe the void growth kinetics observed in unit cell
computation in an accurate way. Tvergaard and Needleman [5]
then suggested replacing f by f � which was defined by the follow-
ing equation so as to account for the rapid drop in stress carrying
capacity.

f � ¼
f if f 6 f c
f c þ 1=q1�f c

f F�f c
ðf � f cÞ otherwise

(
ð2Þ

where f c and f F represent the critical void volume fraction and the
void volume fraction at fracture respectively. Void coalescence
becomes active when f P f c . Finally, the yield function proposed
by Tvergaard and Needleman was given by:

uðf �; p; qÞ ¼ q2

r2
M

þ 2q1f
� cosh �3q2p

2rM

� �
� 1� ðq1f

�Þ2 ð3Þ

The evolution of the void volume fraction f is given by the sum
of the void nucleation and the void growth:

_f ¼ _f nucleation þ _f growth ð4Þ
Chu and Needleman [14] assumed that stress or strain con-

trolled void nucleation mechanism follows a normal distribution.
The rate of void nucleation was defined on the rate of the equiva-

lent plastic strain of the matrix material _eplM
_f nucleation ¼ AN _eplM ð5Þ

where AN ¼ FN
sN
ffiffiffiffi
2p

p exp � 1
2

eplM�eN
sN

� �2
 !

, eN and sN are the mean value

and standard deviation of the strain, FN the void nucleating particles
fraction.

Since the matrix material is supposed to be plastically incom-
pressible, the void growth rate can be defined by

_f growth ¼ ð1� f Þ _epl : I ð6Þ
where _ePl donates the rate of macroscopic plastic strain tensor and I
the second-order identity tensor, _ePl : I signifies the trace of strain
tensor which depicts the rate of volume change. _epl can be calcu-
lated by the normality flow rule

_epl ¼ _k
@u
@r

ð7Þ

where r is the stress tensor and k the plastic multiplier. The rate of
the matrix plastic strain can be obtained by considering the plastic
work:

_epl : r ¼ ð1� fÞ rM _eplM ð8Þ

3. Extension to the GTN model

The above formulated GTN (Gurson-Tvergaard-Needleman)
model predicts no damage nucleation or growth under zero or neg-
ative mean stress [15]. To describe the damage and failure due to
shear deformation, pioneering work has been conducted to model
the mechanism of shear softening [9–13]. These models have
shown great improvement in predicting the damage and failure of
ductile materials, especially in the case of simple shear loading.
However, none of them has coupled the damage with the degrada-
tion of elasticity and as a consequence, the degradation of elasticity
by indentation deformation cannot be captured. In the present
study, an extension is proposed to take the degradation of elasticity
into account. It is worth noting that in the extended GTNmodel, the
damage is defined directly by the effective void volume fraction.

3.1. Lode angle dependence

In order to describe the combined stress state, a new parameter
called Lode angle, which represents the third stress invariant on
the octahedral plane, has originally been introduced by Xue [10].
In the presented paper, the Lode angle function g, proposed by
Xue, is used:

g ¼ 1� 6
p
j tan�1 1ffiffiffi

3
p 2

s2 � s3
s1 � s3

� �
� 1

� �� �
ð9Þ

where s1, s2, s3 denote the three principal deviatoric stress compo-
nents and s1 > s2 > s3. The value of g can vary from 0 to 1: g ¼ 0 for
tensile stress state, g ¼ 1 for pure shear state and 0 < g < 1 for com-
bined stress state.

3.2. Second-phase nucleation mechanism

The nucleation of the primary voids is described by Eq. (5).
However, this strain rate controlled primary voids nucleation
mechanism is inadequate to describe the void nucleation due to
the second-phase particles. In order to consider void sheeting
and localization under shear condition, a new independent nucle-
ation mechanism is proposed by Malcher [11] using the same for-
mulation as Chu and Needleman [14]:

_hnucleation ¼ A0
N
_eplM ð10Þ

where A0
N ¼ F0N

s0N
ffiffiffiffi
2p

p exp � 1
2

eplM�e0N
s0N

� �2
 !

, e0N and s0N are the mean value

and standard deviation of the second population of void nucleation
strain, F 0

N is the secondary void nucleating particles fraction.
Thus, the total nucleation contains two contributions. The first

part represents the evolution of the primary void volume fraction
as depicted by Eq. (5) and the second part represents the evolution
of the secondary void volume fraction induced by shear effect as
depicted by Eq. (10).

3.3. Shear softening and localization mechanism

Void growth and coalescence can be accelerated by shear soft-
ening and localization. With an assumption that the volume of
voids remains constant, Xue [10] proposed an additional term to
describe the equivalent growth of voids due to the shear softening
and localization. The additional term proposed by Xue is formu-
lated as

_hgrowth ¼ q3f
q4eeq _eeq ð11Þ
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