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a b s t r a c t 

We discuss the delocalization of the inelastic scattering of 60–300 keV electrons in a thin specimen, for 

energy losses below 50 eV where the delocalization length exceeds atomic dimensions. Analytical expres- 

sions are derived for the point spread function (PSF) that describes the radial distribution of this scatter- 

ing, based on its angular distribution and a dielectric representation of energy loss. We also compute a 

PSF for energy deposition, which is directly related to the radiolysis damage created by a small-diameter 

probe. These concepts are used to explain the damage kinetics, measured as a function of probe diam- 

eter, in various polymers. We also evaluate a “leapfrog” coarse-scanning procedure as a technique for 

energy-filtered imaging of a beam-sensitive specimen. 

© 2017 Elsevier B.V. All rights reserved. 

1. Introduction 

The purpose of this paper is to develop analytical formulas, 

based on wave optics and dielectric theory, to describe the spatial 

extent of inelastic scattering and the resulting energy deposition 

that leads to radiolysis damage in a beam-sensitive TEM specimen. 

Measurements indicate that the delocalization distance is a few nm 

for valence-electron scattering, and tens of nm for dipole-mode vi- 

brational losses, implying that the EELS signal is generated mainly 

outside the electron probe, in the case of the sub-nm probes used 

for high-resolution STEM. The delocalization formulas will be ap- 

plied to previous EELS measurement on polymers, to provide an 

explanation for the apparent reduction in radiation sensitivity with 

decreasing probe diameter. 

Although scattering delocalization limits the spatial resolution 

of energy-loss spectroscopy and energy-filtered imaging, it can be 

exploited to minimize radiation damage, as already demonstrated 

for aloof-beam spectroscopy of vibrational energy losses [1–3] . The 

aloof mode (electron probe beyond the edge of the specimen) is 

useful for spectroscopy but it examines limited regions of the spec- 

imen (adjacent to the edge) and is largely incapable of measuring 

the spatial distribution of the energy-loss signal. We will therefore 

examine the situation for transmission-mode measurements, to see 

whether scattering delocalization offers the possibility of mapping 

a low-loss signal with reduced radiation damage. 
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2. Delocalization of inelastic scattering 

TEM images and diffraction patterns arise from the elastic scat- 

tering of primary electrons by the electrostatic field of atomic nu- 

clei. In a neutral atom, this field terminates on the surrounding 

atomic electrons and the scattering is localized to subatomic di- 

mensions, allowing atomic-resolution images. The signal used in 

electron energy-loss spectroscopy (EELS) arises from the inelastic 

scattering by atomic electrons, which can be excited by a primary 

electron passing some distance away. This electron-electron scat- 

tering is therefore delocalized over a region of size L ( E ), the de- 

localization length, whose value depends on the energy loss E in- 

volved in the scattering. 

For valence-electron scattering (1 eV < E < 50 eV), L ( E ) can 

be shown to be a few nm by recording the inelastic signal as a 

STEM probe is scanned across the edge of a specimen [4–8] or a 

sharp internal boundary [9] . Similar measurements for vibrational 

losses (0.1–0.5 eV) have given values of several tens of nm [1] . 

The general situation is illustrated in Fig. 1 , which includes L ( E ) 

values estimated from various kinds of TEM measurements (filled 

data points) . The data is scattered (due to experimental error and 

the different methods, geometry and definitions used) but demon- 

strates how the delocalization distance is inversely related to en- 

ergy loss. 

For core-electron excitation, giving rise to an ionization edge 

at some hundreds of eV, L ( E ) has subatomic dimensions but is 

important for the interpretation of channeling measurements on 

crystalline specimens [14–20] . This delocalization has been calcu- 

lated using Bloch-wave or multislice methods [21–30] and is com- 
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Fig. 1. Delocalization length L ( E ), adjusted to an incident energy of E 0 = 100 keV, 

based on measurements [ 1–13 ] and calculations [ 24 –30 ]. The dashed line repre- 

sents Eq. (2) and the dotted red line is based on Eq. (4) . (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version 

of this article.) 

plicated by the influence of elastic scattering, which occurs on a 

length scale similar to that of the core-loss scattering. 

The lines in Fig. 1 are based on relatively simple considerations. 

For example, we can use the Heisenberg uncertainty principle �p x 
�x ≈ h to estimate a delocalization distance �x , taking the mo- 

mentum uncertainty as �p x =±( h / λ) θ50 , h being Planck’s constant, 

λ the primary-electron wavelength and θ50 the angular width con- 

taining 50% of the scattering. Assuming an inverse correlation be- 

tween impact parameter and scattering angle, the length contain- 

ing half of the inelastic scattering is: 

�x ≈ h/ ( 2�p x ) ≈ 0 . 5(λ/ θ50 ) (1) 

Except for Cerenkov and surface-mode losses, inelastic scatter- 

ing is dominated by a dipole component with a Lorentzian angu- 

lar distribution of half-width θE ≈ E /2 E 0 but with a cutoff around 

an angle θ c , giving θ50 ≈ ( θE θ c ) 
1/2 . A Bethe-ridge cutoff at θ c ≈

(2 θE ) 
1/2 leads to: 

�x ≈ 0 . 5 λ/ ( θE θc ) 
1 / 2 ≈ ( 0 . 42 ) λ/ ( θE ) 

3 / 4 ≈ ( 0 . 71 ) λ( E 0 /E ) 
3 / 4 (2) 

as indicated by the dashed line in Fig. 1 . In this figure, the black 

dash-dot curve represents Eq. (2) combined (by quadrature addi- 

tion) with the diffraction limit imposed by a 10 mrad spectrometer- 

collection aperture. The aperture effect is important only for large 

energy losses; for E < 50 eV, θE < 1 mrad and almost all the in- 

elastic signal passes through a typical aperture. 

Invoking Fourier optics, we can compare the inelastic scatter- 

ing of electrons with the diffraction of electrons of wavelength λ
from a circular aperture of radius a . Observed on a distant screen, 

the first minimum in the Airy-function intensity corresponds to 

a deflection angle of θ1 = 0.61 λ/ a , which forms the basis of the 

Rayleigh criterion for resolution: �x = 0.61 λ/ θ1 . However, the an- 

gular range containing half of the photons is θ50 = 0.263( λ/ a ) and 

the diameter from which these photons emerge is d 50 = (2 a )/2 1/2 , 

giving a value: 

d 50 ≈ 0 . 37 (λ/ θ50 ) ≈ ( 0 . 53 ) λ( E 0 /E ) 
3 / 4 (3) 

that is slightly smaller than Eq. (1) . 

Using �p x �x ≈ h and similar arguments, Pennycook [17] ob- 

tained an expression for the root-mean-square (RMS) impact pa- 

rameter b RMS (weighted over the Lorentzian angular distribution) 

that can also be interpreted as a delocalization length: 

b RMS ≈ (h/ 2 π) ( v /E ) [ lo g e (2 / θE )] ≈ (h/ 2 π) ( v /E ) [ lo g e (4 E 0 /E)] 

(4) 

Eq. (4) predicts an energy-loss dependence close to E −1 rather 

than E −3/4 but provides an equally good fit to experimental data, 

as shown in Fig. 1 . 

3. Point spread function for inelastic scattering 

The success of Eq. (3) in predicting delocalization suggests us- 

ing the methods of Fourier optics to relate the spatial distribution 

of the scattering (here denoted as a point-spread function, PSF) to 

its angular distribution, easily recorded as an intensity variation 

at a distant plane (Frauhofer diffraction pattern). In light optics, 

the PSF is related to the Fourier transform of the angular distri- 

bution of scattered intensity or scattered amplitude, depending on 

the lateral coherence length of the illumination [31] . For the elas- 

tic scattering of electrons, the lateral coherence exceeds atomic di- 

mensions and the object-plane potential is related to the scattered 

amplitude [32,33] . Extending this idea to the inelastic scattering of 

electrons suggests: 

PSF ( r ) α[ F T (d I/ d�) 1 / 2 ] 2 (5) 

where r is an object-plane radial coordinate and FT represents 

a two-dimensional Fourier transform. Under most conditions, the 

angular distribution of inelastic intensity is close to a Lorentzian 

function: (d I /d �) ∝ ( θ2 +θE 
2 ) −1 , with an amplitude ( θ2 +θE 

2 ) −1/2 

whose Fourier transform has a simple analytical form [34] , giving: 

PSF ( r ) α[ FT 

(
θ2 + θE 

2 
)−1 / 2 

] 2 = ( k 0 r ) 
−2 

exp (−2 θE k 0 r) (6) 

where k 0 =2 π / λ is the incident-electron wavenumber, making the 

product k 0 r dimensionless. The exponential behavior at large r 

is consistent with aloof-EELS measurements of Muller and Silcox 

[7] The 1/ r 2 dependence at small r agrees with calculations of 

inner-shell excitation by Ritchie [22] and Wentzel-potential esti- 

mates of Rose [21] , summing over all energy loss. 

Introducing a gradual cutoff of the Lorentzian angular distribu- 

tion around some large angle ( θ c ) makes Eq. (6) more realistic by 

removing the singularity at r = 0, and can be simulated by re- 

placing the 1/ r 2 dependence in Eq. (6) by a Lorentzian function, 

so that: 

PSF ( r ) α
(
r 2 + r c 

2 
)−1 

exp (−2 θE k 0 r) (7) 

where r c = (2 k 0 θ c ) 
−1 . Fig. 2 indicates that Eq. (7) is a reasonable 

match to the PSF calculated using Eq. (5) . 

4. Properties of the inelastic PSF 

The inelastic point spread function can be specified more pre- 

cisely in terms of the probability (d 

2 P /d E d V ) that a primary elec- 

tron interacts with a volume d V of specimen, located at a radial 

distance r from the path of the primary electron and resulting in 

an energy loss between E and E + d E . Based on Eq. (7) : 

d 

2 P / d Ed V = C 
(
r 2 + b min 

2 
)−1 

exp ( −2 r/ b max ) (8) 

where C is an E -dependent coefficient (to be determined) and 

b max = 1 / ( k 0 θE ) = 1 / [(2 πm v /h )(hω/ 2 π) / 
(
m v 2 

)
] = v /ω (9) 

The quantity b max is known as the Bohr adiabatic limit be- 

cause at larger distances ( r >> b max ) the electrostatic field induced 

by the primary electron changes slowly enough to allow atomic 

electrons to respond adiabatically, without absorbing energy. In 

fact, the inelastic interaction starts to fall off exponentially at r ≈
b max /2, as indicated by Eq. (8) . This behavior has been called dy- 

namical screening [7] and is directly related to the characteristic 

angle of the inelastic scattering: θE =E /( mv 2 ), as seen from Eq. (9) . 
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