
Multiphoton ionization of many-electron atoms and highly-charged ions
in intense laser fields: a relativistic time-dependent density functional
theory approach

Dmitry A. Tumakov a,b,⇑, Dmitry A. Telnov a, Ilia A. Maltsev a,c, Günter Plunien d, Vladimir M. Shabaev a

aDepartment of Physics, St. Petersburg State University, 7/9 Universitetskaya nab., 199034 St. Petersburg, Russia
b ITMO University, Kronverkskii ave 49, Saint Petersburg 197101, Russia
c SSC RF ITEP of NRC ‘‘Kurchatov Institute”, Bolshaya Cheremushkinskaya 25, 117218 Moscow, Russia
d Institut für Theoretische Physik, TU Dresden, Mommsenstrasse 13, Dresden D-01062, Germany

a r t i c l e i n f o

Article history:
Received 15 November 2016
Received in revised form 25 February 2017
Accepted 4 April 2017
Available online xxxx

Keywords:
Highly charged ions
Intense laser fields
Ionization

a b s t r a c t

We develop an efficient numerical implementation of the relativistic time-dependent density functional
theory (RTDDFT) to study multielectron highly-charged ions subject to intense linearly-polarized laser
fields. The interaction with the electromagnetic field is described within the electric dipole approxima-
tion. The resulting time-dependent relativistic Kohn–Sham (RKS) equations possess an axial symmetry
and are solved accurately and efficiently with the help of the time-dependent generalized pseudospectral
method. As a case study, we calculate multiphoton ionization probabilities of the neutral argon atom and
argon-like xenon ion. Relativistic effects are assessed by comparison of our present results with existing
non-relativistic data.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

Recent progress of laser technologies requires development of
theoretical methods for study of the different processes in presence
of a strong laser field. Heavy highly charged ions are ones of the
most interesting objects, which can be studied in this case, since
they have their own strong Coulomb field. The motivation of our
research relates to the HILITE (High-Intensity Laser Ion-Trap Exper-
iment) setup constructed at GSI (Darmstadt, Germany). The goal of
these experiments is to study the interaction of atoms and ions
confined in a Penning trap with highly intense laser field [1,2].

Since most of the experimental targets are many-electron sys-
tems, one has to take into account multielectron effects; for heavy
atoms and highly-charged ions, relativistic description is also
important. In this work, we make use of the relativistic time-
dependent density functional theory (RTDDFT; for example, see
[3] and references therein) to study relativistic dynamics of multi-
electron ions exposed to strong laser fields. In principle, time-
dependent density functional theory provides an exact description
of multielectron systems if an exact exchange–correlation func-
tional is used. However, this functional is unknown, and only
approximations are available for practical calculations. In our pre-

sent work, we utilize adiabatic non-relativistic forms of the
exchange–correlation potential. Adiabatic approximation means
that the exchange–correlation potential at some specific time
depends on the electron density at the same time only; this is
well-justified in the case of low-frequency fields [4]. Non-
relativistic form of the exchange–correlation potential means that
the parameters of the potential have been adjusted in the non-
relativistic density functional calculations. Nevertheless, such an
approximation allows description of relativistic effects if relativis-
tic electron density is used to evaluate the functional. Here we pro-
pose a numerical implementation of RTDDFT based on the time-
dependent generalized pseudospectral (TDGPS) method in spheri-
cal coordinates (see [5] and references therein), which allows for
accurate and efficient time propagation of the wave functions.
The interaction with the external electromagnetic field is described
within the electric dipole approximation, which is well justified for
the laser field parameters used in the calculations. As a case study,
we calculate multiphoton ionization probabilities of the argon
atom and argon-like xenon ion exposed to strong laser fields.
Atomic units (�h ¼ e ¼ m ¼ 1) are used throughout the paper unless
specified otherwise.
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2. Theory

The basic equations of RTDDFT are the relativistic Kohn–Sham
(RKS) equations for the one-electron orbitals Wkðr; tÞ

i
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Wkðr; tÞ ¼ HðtÞWkðr; tÞ; k ¼ 1 . . .N; ð1Þ

where the relativistic Hamiltonian operator is defined as follows:

HðtÞ ¼ ca � pþ c2ðb� IÞ þ Veffðr; tÞ þ Vextðr; tÞ: ð2Þ
Here a; b are the Dirac matrices and I denotes the unit 4� 4

matrix, c is the speed of light, N is the number of electrons,
Veff ðr; tÞ is the effective single-particle potential of RTDDFT, and
Vextðr; tÞ describes the interaction with the laser field. Using the
electric dipole approximation and the length gauge, the potential
Vextðr; tÞ can be expressed as

Vextðr; tÞ ¼ FðtÞ � r: ð3Þ
Here FðtÞ is the electric field strength of the laser field. In the

present study, we use linearly-polarized laser pulses with the
sine-squared envelope:

FðtÞ ¼ F0 sin
2 pt

T
sinx0t; ð4Þ

where T and x0 denote the pulse duration and the carrier fre-
quency, respectively; F0 is the peak field strength.

The effective single-particle potential Veff ðr; tÞ can be repre-
sented as a sum of three different contributions:

Veff ðr; tÞ ¼ VnuclðrÞ þ VHðr; tÞ þ Vxcðr; tÞ: ð5Þ
Here VnuclðrÞ is the Coulomb interaction of the electron with the

nucleus,

VnuclðrÞ ¼ � ZðrÞ
r

; ð6Þ

with ZðrÞ being the effective nuclear charge (in this work we use
Fermi distribution of the nuclear charge density [6] with parame-
ters from [7]); VHðr; tÞ is the Hartree potential due to electron–elec-
tron repulsion,

VHðr; tÞ ¼
Z
qðr0; tÞdr0
jr� r0j ; ð7Þ

where qðr; tÞ is the total electron density:

qðr; tÞ ¼
XN
k¼1

Wy
kðr; tÞWkðr; tÞ: ð8Þ

The remaining term Vxcðr; tÞ is the exchange–correlation poten-
tial. Its exact form is unknown but various good-quality approxi-
mations are available. In this work, we use an approximate
exchange–correlation potential LB94 [8]. Originally, this potential
was constructed for use with non-relativistic spin-polarized
atomic systems. In our case (relativistic closed-shell atom or ion),
it can be expressed as a functional of the total electron density:

Vxcðr; tÞ ¼ VLDA
x ðr; tÞ þ VLDA

c ðr; tÞ

� bx2ðr; tÞ 1
2qðr; tÞ
� �1=3

1þ 3bxrðr; tÞ ln xrðr; tÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2rðr; tÞ

p� � ; ð9Þ

where xrðr; tÞ ¼ 21=3jrqðr; tÞj=q4=3ðr; tÞ;V LDA
x ðr; tÞ is the exchange

potential in the local density approximation (LDA):

VLDA
x ðr; tÞ ¼ � 3

p
qðr; tÞ

� �1=3
; ð10Þ

and VLDA
c ðr; tÞ is the correlation LDA potential. The latter potential

has no simple analytic representation; we make use of numerical

subroutines for the Perdew-Burke-Ernzerhof (PBE) functional [9]
based on the representation of the correlation energy and potential
by Perdew and Wang [10]. In Eq. (9), the parameter b has a value of
0:05; it was adjusted to fit the exact exchange–correlation potential
for the beryllium atom [8]. As our results show, this potential is also
quite accurate in calculations of the electronic structure of the
argon atom.

3. Method

To solve the time-dependent RKS Eqs. (1), one has to supply the
initial values for the orbitals Wkðr; tÞ and effective potential
Veff ðr; tÞ. At t ¼ 0 (just before the laser pulse), these quantities
can be obtained as solutions of the time-independent RKS
equations

H0Ukðt ¼ 0Þ ¼ EkUkðt ¼ 0Þ; k ¼ 1 . . .N; ð11Þ
where Ek are the orbital energies, and the Hamiltonian H0 does not
include the interaction with the laser field:

H0 ¼ ca � pþ c2ðb� IÞ þ Veffðt ¼ 0Þ: ð12Þ
The set of Eqs. (11) is solved self-consistently, starting from

some appropriate approximation for Veffðt ¼ 0Þ, until convergence
is achieved. We should note that solving the eigenvalue problem
for the Dirac Hamiltonian (such as Eqs. (11)) using finite basis set
expansions results in generation of spurious non-physical eigen-
states, if no additional constraint (dual kinetic balance (DKB)
approach, see [11]) is imposed on the wave function. In the present
work we do not follow the DKB approach: as our calculations show,
presence of spurious states does not affect the final results since
transitions to these states are negligibly small.

The time-dependent Hamiltonian HðtÞ of Eq. (2) can be repre-
sented as a sum of time-independent and time-dependent contri-
butions according to

HðtÞ ¼ H0 þ VðtÞ; ð13Þ
where

VðtÞ ¼ VextðtÞ þ VeffðtÞ � Veffðt ¼ 0Þ: ð14Þ
To propagate the orbitals Wk in time, we apply successively the

following short-time split-operator propagator scheme:

Wkðt þ dtÞ ¼ exp �i
dt
2
H0

	 

exp �idtV t þ dt

2

	 
� �
exp �i

dt
2
H0

	 

WkðtÞ;

ð15Þ

which is accurate up to the terms of the order of ðdtÞ2. To reduce the
numerical effort, we extend the generalized pseudospectral (GPS)
discretization of wavefunctions in spherical coordinates (see
detailed description in [5]) to relativistic calculations. In this
method, all multiplication operators are represented by diagonal
matrices. In Eq. (15), diagonal is the matrix exp �idtV t þ dt

2

� �� �
in

the coordinate representation. Although it is time-dependent and
must be computed at each time step, this computation is not
time-consuming. The matrix exp �i dt2 H0

� �
is full but time-

independent and computed only once before the start of the time
propagation. We calculate it with the help of the spectral
expansion:

exp �i
dt
2
H0

	 

¼

X
k

exp �i
dt
2
Ek

	 

jUkiUk: ð16Þ

Using Eq. (16), we can also control the contributions of extre-
mely high energy and negative continuum states thus improving
the numerical stability of the calculations.

If the external laser field has a linear polarization, the projection
of the total angular momentum onto the polarization axis is con-
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