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a b s t r a c t

Parametric radiation in THz frequency range, produced by relativistic charged particles moving through a
crystal built from metallic wires is considered. Effective polarizabilities of the crystal are found. The radi-
ation intensity is shown to be maximal at k � 2pR, where R is the wire radius and k is the radiation wave-
length. The peak power of Cherenkov and parametric radiation produced by electron bunches in such a
crystal at k � 2pR are demonstrated to be high enough to enable experimental observation and practical
applications.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

Emission of photons by relativistic charged particles moving in
natural crystals or artificial spatially periodic structures (photonic
crystals, metamaterials) was the subject of numerous studies in
recent years. It was found that spatially periodic structure of a
crystal could facilitate supplementary mechanisms of radiation
from a uniformly moving particle to occur in addition to well-
known Cherenkov and transition radiation. They are: diffraction
radiation [1–3], parametric X-ray radiation (sometimes referred
to as ‘‘quasi-Cherenkov” radiation) [4,5] and the Smith-Purcell
effect, which originates from a particle moving along the crystal
surface [6].

In [7–11] radiation produced by charged particles moving in a
crystal built from parallel metallic wires (wire media) for wave-
lengths k ¼ 2p=k much greater than both the wire radius R and
the crystal period d (kR � 1; kd � 1) was considered. Therein the
crystal was presented as a uniform medium characterized by cer-
tain permittivity and permeability tensors.

Radiation in crystals built from parallel metallic wires for case,
when diffraction effects are important, was studied in [12,13].
According to [13], when the wavelength is comparable with the
wire radius (kR � 1) a noticeable increase in the intensity of para-
metric radiation is expected.

The analysis [13] was based on extrapolation of the results
obtained for the diffraction theory valid at kR � 1 to the range
kR � 1. However, the manner of the interaction of electromagnetic
waves with the wire media changes substantially when parameter
kR increases. Particularly, in contrast to case kR � 1, the scattering
by a single wire is anisotropic even for the electromagnetic wave,
which polarization is parallel to the wire axis, when kR � 1. The
equations describing dynamical diffraction in 2D crystals, which
are valid for the case of anisotropic scattering by a single constituent
element of the crystal (e.g. wire), were first obtained in [14].

In the present paper refraction and diffraction of waves in crys-
tals built from metallic wires in the case when kR � 1 are analyzed
on the basis of theory [14]. Spontaneous radiation from charged
particles moving in such crystals is studied for THz frequency
range. In agreement with [13], radiation intensity is shown
increasing with increase of wire radius, achieving its maximum
in the range kR � 1. Several examples differing in crystal thickness,
radius of wires and energy of particles are considered. Maximum
values of intensity for parametric and Cherenkov radiation are
calculated.

2. Propagation of waves in a crystal built from parallel metallic
wires

Let a plane electromagnetic wave E0 ¼ e0eikr be scattered by an
infinite cylinder of radius R. It is assumed that the axis of the
cylinder coincides with the x-axis of the Cartesian rectangular
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coordinates and k ¼ ðkx;0; kzÞ. We shall also introduce a polar coor-
dinate system ðq;uÞ in the ðz; yÞ-plane using the relations
z ¼ q cosu and y ¼ q sinu.

It is necessary to consider two possible polarizations of the inci-
dent wave:

� transverse electric (TE) polarization, when the vector E0 of the
electric field strength is perpendicular to the axis of the cylinder
(E0x ¼ 0). Hereinafter the quantities referring to this polariza-
tion will bear the index ‘‘?”;

� transverse magnetic (TM) polarization, when the vector H0 of
the magnetic-field strength is perpendicular to the axis of the
cylinder (H0x ¼ 0). Hereinafter the quantities referring to this
polarization will bear the index ‘‘k”, since in this case vector E
has a nonzero component which is parallel to the cylinder axis
x.

To solve scattering problems, Ex and Hx are usually presented as
a series in terms of cylindrical functions [15,16], while other
unknown elements of the fields are expressed in terms of Ex and
Hx using Maxwell’s equations. Let us suppose that jkxj � kq �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2y þ k2z

q
. Then, according to [14], the wave scattered by the cylin-

der at kq� 1 can be written in the form:

W ¼ Ex

Hx

� �
¼ eikqq þ AkðuÞ

A?ðuÞ

( )
�
Z 1

�1

eik
ffiffiffiffiffiffiffiffiffiffi
q2þx2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ x2

p dx; ð1Þ

where Akð?ÞðuÞ ¼ P1
n¼0A

kð?Þ
n cosðnuÞ is the amplitude of scattering of

the electromagnetic wave by a cylinder at an angle u. The coeffi-
cients An depend on parameter kqR and on permittivity and perme-
ability of wire material; complete expressions for An can be found in
[15–17].

Further analysis is confined to the case 0 < kqRK1. In this
range, we can take into account only the series terms with
n ¼ 0;1, because all other terms are small [17]. As a result, the
expression for a wave scattered by a wire with the coordinates
q0 ¼ ðy0; z0Þ can be written in the form:

W ¼ eikq þ ipA0H0ðkqjq� q0jÞ � pA1H1ðkqjq� q0jÞ � cosðkq;q� q0Þ;
ð2Þ

where H0;1 are the Hankel cylindrical functions of the first kind. It
should be noted, that in case when kqR � 1 for TM wave
jA1j � jA0j and, thus, scattering by a single wire is isotropic (ampli-
tude A does not depend on u). In case under consideration, on the
contrary, scattering by a single wire is anisotropic.

Let us consider the wave propagation in a crystal built from par-
allel metallic wires. We assume that wire radius R is much less
than the crystal period. Analysis of refraction and diffraction in
crystal can be carried out, when its effective dielectric permittivity
is known. Due to permittivity eðr;xÞ of a crystal built from parallel
wires being a 2D-periodic function it can be expanded into Fourier
series as follows:

eðr;xÞ ¼ 1þ
X
s

gsðxÞe�isr; ð3Þ

where s are the reciprocal lattice vectors of the crystal. To describe
refraction in the crystal it is sufficient to know its effective electric
susceptibility g0; diffraction in the crystal can be described when
effective polarizabilities of the crystal gs are known.

In a general case, diffraction of a plane wave by a one-
dimensional grating formed by periodically placed parallel wires,
gives rise to several plane waves diverging from the grating, whose
amplitudes are expressed in terms of the scattering amplitudes A0;1

[14,17]. Consideration of the plane-wave scattering by the crystal,
consisting of a great number of one-dimensional gratings (crystal

planes), provides us with the dispersion equation relating the fre-
quency x with values of the wave vector in crystal q [17]. Fig. 1
gives an example of calculated g0 and gs using dispersion equation
[17]. We consider a crystal with a square lattice with period d and
it is assumed that Bragg conditions in the crystal are fulfilled for
two waves (two-wave diffraction). The left graph in Fig. 1 shows
the dispersion curves for TM wave at R=d ¼ 5 	 10�3. The bold curve
represents the solution of the dispersion equation for vacuum

(k2 ¼ k2z þ k2y ; kz � qz). The inset image shows the range of high fre-
quencies (kd � 1) and indicates two roots corresponding to two
close solutions of the dispersion equations. The right graph in
Fig. 1 shows the corresponding absolute values of g0 and gs calcu-
lated for the selected geometry with parameter kqR varied in the
range 0 < kqR < 1:2. For TE wave, jg?

0 j and jg?
s j increase with kqR

increasing and attain their maxima in the vicinity of kqR � 1. For

TM wave, the absolute values jgk
0j and jgk

sj increase monotonically.
Let us note here that for TM wave, the values of g0 and gs are neg-
ative, while for TE wave they are positive (i.e., the refractive index
for TE wave is greater than unity). In the considered case, the max-
imum values of g?

0 and g?
s even exceed the corresponding values

jgk
0j and jgk

sj, though in general case the relation between these val-
ues can change. However, it is important that in our calculations,
the behavior of effective polarizabilities remains almost the same:
for TMwave jg0j and jgsj increase monotonically as kqR is increased
from 0 to 1, while for a TE wave both jg0j and jgsj have maxima at
kqR � 1.

3. Radiation in crystals built from wires

Let a relativistic particle with charge eQ move at a constant
velocity v in a crystal built from parallel metallic wires, as shown
in Fig. 2. The crystal thickness L is assumed to be much smaller
than its transverse dimensions.

Since the refractive index for a TE wave is greater than unity,
Cherenkov radiation is emitted in the crystal [18,19]. Transition
radiation is also emitted when a charged particle crosses the
‘‘crystal-vacuum” boundary. To calculate spectral-angular distribu-
tion of Cherenkov and transition radiations the following expres-
sion, which is valid for jg0j � 1, can be used [20,21]:

d2Ns

dxdX
¼ e2Q2x

4p2�hc3
ðesvÞ2 ei

xLgs
0

2cc0
1

x� kv
� 1
x� qv

� �
� eiðx�qvÞ L

cc0 � 1
� �				

				
2

;

ð4Þ
where the wave vector in the crystal q 
 kþ xg0

2cc0
N, N is the normal

to the crystal surface, c0 ¼ kN=k, and es is the polarization unit vec-
tor (s ¼ 1 for TM-polarization and s ¼ 2 for TE-polarization;
e2jj½k� ex�, e1jj½k� e2�). The sum intensity of Cherenkov and transi-
tion radiations can be found by numerical integration of (4) with
respect to angular coordinates and frequency. By way of example
we calculated the sum intensity of Cherenkov and transition radia-
tions in a crystal built from metallic wires using the calculated val-
ues of g0 (Fig. 1). The crystal thickness was L ¼ 10 cm, crystal period
d ¼ 2 mm, the particle (electron) velocity was perpendicular to the
crystal surface, c ¼ 100, integration was carried in the frequency
range Df=f ¼ 0:05; f ¼ 0:83 THz. The results are given in Fig. 3 (left).
As is seen in the plot, the sum intensity of transition and Cherenkov
radiations in a crystal made from metallic wires has a maximum in
the vicinity of kqR � 1 that corresponds to the maximum value of
g?
0 . At kqR 
 0:9, in particular, the total radiation intensity for two

polarizations is as high as 6 	 10�4 photons per one electron.
Further discussion deals with parametric radiation. According

to [13], in the Laue case we have the following expression for num-
ber of parametric photons in the diffraction direction (Fig. 2(b)):
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