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a b s t r a c t

The motion of channeling particles in the accompanying coordinate system can be considered as a two-
dimensional atom in the case of axial channeling. The transversal motion of the channeling particles is
characterized by discrete spectrum. The occupation probability of the transversal motion levels depends
on the entrance angle of the charged particles relative to the crystallographic axis. In the scattering of a
photon by the ‘‘quasi-bound” electron moving in the axial channeling regime would appear the frequen-
cies x which are a combination of the incident photon frequency x0 and the frequency xNM (xNM is the
transition frequency in transverse quantized motion of the channeling electron: x ¼ x0 �xMN , where
�hxMN ¼ 2c2DE?NM for the relativistic electron, c2 ¼ E=ðmc2Þ is the Lorentz factor of the channeling elec-
tron). In the article are discussed the criteria for choosing an adequate continuous potential of the crys-
tallographic axis and the quantum characteristics of a transversal motion of the channeling electron. The
peculiarities of the Raman scattering spectrum of photons by electrons in the axial channeling regime are
analyzed and the differential cross section of this process is found.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

A channeling particle moving in the axial channeling regime
[1–2] can be represented as ‘‘two-dimensional” atom in the accom-
panying coordinate system (ACS) (i.e. in the coordinate system
which moves with the longitudinal velocity of channeling particle:
Vk ¼ pk=E, b ¼ Vk=c ¼ pk=Ec). From a quantum point of view the
channeling particle is characterized with the energy discrete spec-
trum of the transversal motion [3–4]. The Doppler effect [2–3]
affects the system of the energy levels (zones) significantly.

This suggests that a variety of the well-known atomic physics
effects may take place for the channeling particles. Particularly,
when the channeling particle interacts with a photon the Raman
scattering might occur [5–8], which is accompanied with a signif-
icant shift in the photon frequency. Previously this effect was
investigated in the case of planar channeling positron [9–10]. In
this article the Raman scattering of a photon by the axial channel-
ing electron is considered. In a single crystal the monochromatic
photon beam can partially be transformed into the photon beam
with the frequencies which are harmonics of the fundamental fre-
quency [5]. The Raman scattering of the photon by the channeling
electron can be accompanied by the electron transition in quantum
states with the greater transversal energy or the smaller one, i.e.

the Stocks and anti-Stocks components might be appeared in the
photon beam spectrum.

2. The quantum characteristics of the transversal motion of the
axial channeling electron

If a charged particle flies into a single crystal at an entrance
angle relative to a crystallographic axis less than the Lindhard

angle hL � ð2U=EÞ1=2, then it starts to move in channeling regime
[1]. This means that the particle flies quite long distances within
the channels formed by the crystallographic axes. The motion
across these channels is limited to distances of the order of the lat-
tice constant. From the quantum mechanics point of view the
transversal motion will be characterized by a discrete spectrum
of energy levels. The basic idea which greatly simplifies the theo-
retical description of the axial channeling effect is to replace the
true potential by the average continuous potential [1,3].

The periodic lattice potential is written in the form:

VðRÞ ¼
X
g

Vg expð�igRÞ; ð2:1Þ

where g is the reciprocal lattice vector, R is the radius-vector of the
channeling particle: R ¼ Vt þ r, where r is the radius-vector of the
channeling particle (in the accompanying coordinate system mov-
ing with longitudinal velocity of the channeling particle V).

http://dx.doi.org/10.1016/j.nimb.2017.03.137
0168-583X/� 2017 Elsevier B.V. All rights reserved.

⇑ Corresponding author.
E-mail addresses: dinkulenok@yandex.ru (D.R. Badreeva), kalash@mephi.ru

(N.P. Kalashnikov).

Nuclear Instruments and Methods in Physics Research B xxx (2017) xxx–xxx

Contents lists available at ScienceDirect

Nuclear Instruments and Methods in Physics Research B

journal homepage: www.elsevier .com/locate /n imb

Please cite this article in press as: D.R. Badreeva, N.P. Kalashnikov, Raman scattering of photons by the channeling electrons, Nucl. Instr. Meth. B (2017),
http://dx.doi.org/10.1016/j.nimb.2017.03.137

http://dx.doi.org/10.1016/j.nimb.2017.03.137
mailto:dinkulenok@yandex.ru
mailto:kalash@mephi.ru
http://dx.doi.org/10.1016/j.nimb.2017.03.137
http://www.sciencedirect.com/science/journal/0168583X
http://www.elsevier.com/locate/nimb
http://dx.doi.org/10.1016/j.nimb.2017.03.137


The first term in (2.1) corresponds to the average continuous
potential, which ensures the channeling motion [11].

If we assume that the interaction of the charged particle with an
isolated lattice atom describes by the screened Coulomb potential

VðrÞ ¼ Z1Z2e2r�1 expð�r=RTFÞ; ð2:2Þ

where Z1 is the charge of the lattice atom nucleus, Z2 is charge of

the incident particles, R�1
TF ¼ me2ðZ2=3

1 þ Z2=3
2 Þ�1=2

=�h2 is the reciprocal
screening radius, then the average potential of isolated row will
look

UðqÞ ¼ 2Z1Z2e2d
�1K0ðq=RTFÞ; ð2:3Þ

where d is the interatomic distance, K0ðq=RTFÞ is the Macdonald
function.

Expanding the Macdonald function for small values q potential
(2.3) takes the form

UðqÞ ¼ Z1Z2e2d
�1 ln½ð2RTF=ðvqÞÞ2 þ 1�; ð2:4Þ

where lnv ¼ 0;5772 . . . The potential (2.4) is called the standard
Lindhard potential.

Let us consider the electron motion in the potential (2.4). The
relativistic particle wave function satisfies the Dirac equation

½�h2c2Dr þ E2 �m2c4 � 2E�UðqÞ�WðrÞ ¼ 0: ð2:5Þ
Despite the simple analytical dependence of the potential (2.4)

upon a distance to the crystallographic row, the general solution
for the analytical wave functions that satisfy the Eq. (2.5) is quite
tedious problem. In this case the simplest and the most effective
approximation for the continuous average potential of rows (2.4)
is a Coulomb type potential

UðqÞ ¼ �kZe2RTF=ðqdÞ�1
; ð2:6Þ

where k is the fitting parameter (Fig. 2.1), Z is the atomic number of
the crystal, d is the distance between atoms in the chain.

The eigen wave functions of the transversal motion of the chan-
neling particles are as follows for the potential (2.6) [4]:

WnlðqÞ ¼ q�1=2 exp½�bq=a�ðq=aÞjljþ1
2
Xn
k¼0

akðq=aÞkeilu; ð2:7Þ

where n; l ¼ 0;1;2; . . . – quantum numbers, a ¼ �h2dðkmZe2RTFÞ�1
is

the characteristic length, m ¼ cm0; where m0 is the electron rest
mass, q � fq;ug. The factors ak are discovered as

akþ1 ¼ 2ak½bðkþ jlj þ 1=2Þ � 1�ðkþ 1Þ�1ðkþ 1þ 2jljÞ�1
;

b ¼ ðnþ jlj þ 1=2Þ�1
: ð2:8Þ

The eigenvalues of energy for the potential (2.4) is expressed by
the expression

E?N ¼ �k2mZ2e4R2
TF=½2�h2d2ðN þ 1=2Þ2�; N ¼ nþ jlj: ð2:9Þ

The number of the electron bound motion levels is determines
by the relation

N0 ¼ Nmax þ 1 ¼ ½�mk2Z2e4R2
TF=½2�h2d2Uðdr=2Þ��

1=2 þ 1=2; ð2:10Þ
where Nmax is the maximum bound state quantum number.

It would be interested to consider the case when there are only
two energy levels of the transverse motion. The channeling elec-
trons with energy E ¼ 1� 2 MeV which interact with the atomic
row of the single crystal Si are characterized by the quantum states
1 s, 2 s (Fig. 2.2).

3. Kinematics of the Raman scattering of a photon by the
‘‘quasi-bound channeling electron

The Raman scattering of the photon with the frequency x1, the
wave vector k1 by the channeling electron with momentum p1 and
energy E1 is considered. As a result of the electron-photon interac-
tion the photon with the frequency x2, the wave vector k2 is cre-
ated and the channeling electron turns into the state with
momentum p2 and energy E2.

It would be noted that in the constant field the system energy is
conserved (3.2). In a longitudinal direction the average continuous
potential, which is responsible for the axial channeling, is constant
(the average continuous potential of the atomic row is character-
ized by the absence of dependence on the longitudinal coordinate
[2–3]), so that the longitudinal momentum of the channeling par-
ticles is conserved:

p1z þ �hk1z ¼ p2z þ �hk2z; x ¼ kc: ð3:1Þ

E1 þ �hx1 ¼ E2 þ �hx2: ð3:2Þ
According to the kinematics of the relativistic electron motion

pz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 � p2

?

q
; p ¼ VE=c; p? ¼ ð2EE?=c2Þ1=2; ð3:3Þ

where E? is the quantum energy of the transversal motion of the
channeling electron (2.9) and in the case of the relativistic electron
we obtain the equation

Fig. 2.1. The comparison of the standard Lindhard potential and the Coulomb
potential.

Fig. 2.2. The continuous Coulomb type potential of the relativistic electron
interaction with an atomic row (E ¼ 1 MeV) and its transversal energy levels.
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