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a b s t r a c t

The effect of correlations between electrons in transition radiation is investigated. The correlation func-
tion is obtained with help of the approach similar to the Debye–Hückel theory. The corrections due to
correlations are estimated to be near 2–3% for the parameters of future projects SINBAD and FLUTE for
bunches with extremely small lengths (�1–10 fs). For the bunches with number of electrons about
� 2:5 � 1010 and more, and short enough that the radiation would be coherent, the corrections due to cor-
relations are predicted to reach 20%.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

Transition radiation (TR) occurs when a charged particle crosses
a boundary between two media. It was predicted by Ginzburg and
Frank in the last century [1], and the theory of TR was developed in
[2,3], etc. It is well-known that in some conditions electrons of
bunch can radiate coherently, so it affects the spectral-angular
density of TR. In [3] the coherent effects were considered for
bunches with comparatively low density. Nowadays, existing tech-
nologies make it possible to get electron bunches with extremely
high density and small length and size. It is of interest to study
how the correlations between the electrons in a bunch can affect
the spectral-angular density of TR.

The problem of electrons interaction within the bunches was
considered partly in [4] as the space charge effect. The fields of
space charge in the electron bunches was calculated, but the
intensity of radiation from bunches left non-investigated. In
the present paper, the bunch of electrons crossing the interface
and radiating coherently is considered. We proceed from the
methods set out in [2–4] and construct the theory of TR for
correlated bunch, both for the uniform and Gaussian
distributions.

2. Calculations of the correlation part

2.1. The intensity of TR and the coherence factor

Let us consider the spectral-angular density of TR. The expres-
sion describing it usually is assumed to consist of two parts: the
incoherent part arising due to contribution independently radiat-
ing electrons, and the coherent part, caused by the summation of
the radiation fields rather than intensities:
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Here x is the frequency of TR, # is the observation angle,
W�ðx; #Þ is the intensity of TR from one electron (‘‘+” and ‘‘�”
mean forward and backward parts of radiation, correspondingly),
N is the number of electrons in the bunch and Gcohðx; #Þ is the
coherence factor. As Gcohðx; #Þ is included in Eq. (1) with the factor
� N2, it can affect the W�
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The coherence factor is determined as follows:
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where r ¼ qþ znz; r0 ¼ q0 þ z0nz and f 2ðr; r0Þ is the binary electron
distribution function normalized to 1. The binary function f 2ðr; r0Þ
can be represented as a sum of two parts [5,6]:

f 2ðr; r0Þ ¼ f 1ðrÞf 1ðr0Þ þ f 0ðr� r0Þ: ð3Þ
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The first part is the function of density of non-interacting parti-
cles, whereas the second part corresponds to the coordinate corre-
lations between particles. As a result, one can obtain the following
expression for Gcohðx; #Þ:
Gcohðx; #Þ ¼ G1ðx; #Þ þ Gcorðx; #Þ: ð4Þ

For the bunch with such a low density that the particles do not
repulse each other, the assumption that Gcohðx; #Þ ¼ G1ðx; #Þ
seems to be of common sense. But what if the density is not so
low? Below we shall consider it in detail.

With help of Eq. (2) it is possible to obtain expressions for
G1ðx; #Þ both for uniform (Eq. (5)) and Gaussian (Eq. (6)) distribu-
tions of particles:
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In these equations a and b are the length and transversal size of
the bunch, correspondingly, and v is its velocity.

2.2. The correlation part of the coherence factor

Now let us consider only the correlation part of the coherence
factor. Eqs. (2) and (3) show that it depends mainly on the correla-
tion part of the density function. It can be obtained with help of the
Debye–Hückel theory approach.

Let us consider the bunch as a weakly non-ideal electron gas. In
this case the average energy of the Coulomb repulsion is smaller
than the average kinetic energy of the electrons:

n � T
e2

	 
3

: ð7Þ

Now it is needed to solve the system of two equations with self-
consistent field of electrons [4]:

n ¼ ne0 exp � eu
T

� �
; ð8Þ

Du ¼ 4pedðrÞ þ 4pncorðrÞ: ð9Þ
Here ne0 is the electron density without correlations and ncor is

the correlation part of it. Solving the system of Eqs. (8) and (9), one
can obtain the correlation part of the density function:
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where
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rd is the Debye length (Debye radius), which physically is the radius
of the screening field.

The correlation part of the coherence factor comes from Eqs. (2)
(4):
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For the uniform distribution Eq. (12) gives the following

expression:
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where

a ¼ x
c
sin#: ð14Þ

From this equation, one can see that there are three conditions,
when the contribution of Gcorðx; #Þ to the coherence factor is
suppressed:

pa
b

� k; ð15Þ

pa sin# � k ð16Þ
and

a � 2rD ð17Þ
The condition in Eq. (16) is similar to the condition for non-

coherent electron bunches, so one can assume that in case of
non-coherently radiating electrons the correlation effects make
very small contribution to the intensity of TR. The condition in
Eq. (17) requires that the density of the electrons in the bunch
would be high enough.

Note that only when all the conditions in Eqs. (15)(17) are not
fulfilled, the effect of correlations can be pronounced.

For Gaussian distribution the final expression for the correlation
function is:
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There is the increasing exponent function in Eq. (18), but the

complementary error function compensates it, so that the whole
function does not go to the infinity.

3. Numerical estimates

Let us estimate the contribution of the correlation part to the
value of the form-factor. First, we shall get a numerical value for
the Debye length for different bunches. The temperature in Eq.
(11) is considered to be defined through the average kinetic energy
[7]. For different values of the Lorentz-factor c � 102 	 104, the val-
ues of the temperature can be estimated with help of the following
expression from Ref. [7]:

1
4p

I2

2NkB
¼ T; ð19Þ

where I is the bunch current, N is the number of particles in the
bunch, kB is the Boltzmann constant. The values obtained are very
close to each other for different c and estimated to be about
T � 8:34 � 104 K. So, we obtain the values of the Debye length for
the facilities FLUTE and SINBAD, using the parameters given in
[8,9]:

The Debye length at FWHM for the Gaussian distribution was
estimated in Table 1. Furthermore, let us plot the dependence of
Gcor on the parameters of the bunch in the FLUTE experiment. For
that we first consider Eqs. (13) and (18). In each of these equations,

Table 1
The Debye length for the experiments SINBAD and FLUTE.

Parameters SINBAD FLUTE

Bunch length, a, lm 3 0.3
Debye length (uniform distr.), rd; nm 2000 200
Debye length (Gaussian distr.), rd , nm 3765 376.5
Electron energy, MeV 100 42
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