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We analyze radiation produced by a single TM mode incident on the open end of a cylindrical waveguide
with uniform dielectric filling. This open-ended waveguide is placed inside concentric vacuum waveg-
uide with a larger radius. Rigorous theory describing excitation of transmitted and reflected modes in
each domain is developed. We also perform direct numerical simulation of described structures using
Comsol Multiphysics code and show that the results obtained by these approaches for millimeter-
sized dielectric waveguide coincide with less-than-percent accuracy. The analytical approach is more
efficient for calculation of mode structure at high frequencies (up to Terahertz) and high permittivity.
We also consider the situation where generated radiation is extracted into free space through the open
end of the outer waveguide. We calculate radiation patterns in the far-field zone using both our algorithm

and direct simulations and show that these results are in very good agreement too.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Terahertz radiation is considered as a promising tool for a num-
ber of applications in chemistry, biology and others [1,2]. One
prospective scheme to emit THz waves is a passing of a short elec-
tron bunch (including the case of a bunch train) through a waveg-
uide structure loaded with dielectric [3,4]. In our previous papers
we analyzed this problem in approximate formulation [5]. In the
present paper we develop rigorous approach for the case where
the open-ended waveguide with dielectric loading is placed inside
the regular concentric cylindrical waveguide with a larger radius.
This structure is excited by a single mode propagating from within
the dielectric waveguide.

It should be noted that the analytical methods for investigation
of various waveguide discontinuities have been developed several
decades ago [6,7]. However, cylindrical structures which are the
most convenient for the accelerator technology were rarely stud-
ied, especially this is subject to the presence of dielectric loading.
Here we employ the modified residue-calculus technique to the
case of cylindrical waveguide with uniform dielectric filling and
orthogonal cutoff placed inside infinite vacuum waveguide of a lar-
ger radius. Together with analytical approach we perform direct
numerical simulation of the described problem using Comsol Mul-
tiphysics package.
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2. Theory and analytical results

We consider a semi-infinite ideally conducting (o = oo) cylin-
drical waveguide with radius b filled with a homogeneous
dielectric (¢ > 1) and enclosed by a concentric infinite cylindrical
waveguide with a greater radius a > b (Fig. 1). In theoretical
study the lengths Ljand L,shown in Fig. 1 tend to infinity, but
for numerical simulations (see Section 3) they are finite. We
suppose that a single TMy mode is launched from within the
dielectric waveguide in the direction of the open end (cylindrical
frame p, ¢, z is used). Omitting the time dependence exp(—iwt),
we can write the nonzero components of the incident mode in
the form

i . i i . - i
HY, =J1(pja/b)e ™, EL = c(iwe) ' 0H.), /oz,

(i) i -1y () (1)
sz = lC(COSp) (Hw¢ + :0 andy/ap) .

where j, are the zeros of Bessel function J,(x), Ki}) = \/jg,b’2 - kés
(Rek!]) > 0), ko = w/c. The reflected (1) and transmitted (2), (3)
fields in the corresponding domain can be written in the form

o0 . (1)
HO, =" Bulo(Pion/b)e"™*, 2)
0 . 03
Hoy = D AnJo(Plom/a)e 7, 3)
H, = Cop'e™ + 3 CoZu(ptm)e’™, (4)

3 2 2 2 . 2 2 23
where y5) = \/jz a2 — k5, Y2 = —iko, y'm = 1/ 42, — ko, Rey'w’) > 0,
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Fig. 1. Geometry of the problem.
Zn(&) =J1(&) = N1(O)o(@%m)No " (@)n), (5)
and y,,is solution of dispersion relation for domain (2):
Jo(bYm)No(a¥m) —Jo(aYm)No(b),) = 0. (6)

In order to find the coefficients {An,}, {Bn} and {Cy}, we per-
form matching of H,4 and E,, at z=0 separately for domains
0 < p<bandb < p < q,and integrate the obtained relations with
eigenfunctions of domains (1) and (2) correspondingly. After series
of transformations, we obtain the following infinite systems deter-
mining unknown sets of coefficients:

ZK < Am + Ame ) _ 72&lpbjl (jOp)yg)Kg) (7)
"\ =9 Y+ K + &1
. AnR An 4B,y i)
Do 1< SO <1>> = <1?yzp L (8)
/zm Yo Yzm + Vzp Kz + &V
00 Am o0 Zm Vol
Z =0, Z -1.,0) 2 _zcnygl): 9)

m=1yo) — 9% M=l + Ven

p=1,2,..,n=01,.., y9 =+\/iz.b”> - k2, R, = (83}2,) - ;c;;ﬁ)

(eyzp + sz) ,

An_ <b10,,.> om By _ bJi(iop)

An ° a’ B, 2 (10)
Co ay C, aZ%ay,) b

Co =in(p)- G " 2bZby 2001

According to the residue-calculus technique [6], in order to
simultaneously solve the systems (7)-(9) one should construct
the specific function f(w) which satisfies the following
conditions:

(i) f(w) is regular in complex plane w excluding first-order poles

w=12;
(ii) f(w) has first-order zeros w = y2';
(iii) f(w) satisfies the relation f(y3))+Ruf(—74)) =0 for
p=1,2,...excluding p =1[;
(iv) for p = I the function f(w) satisfies the relation
-1
FOU) +RED) = 260Gy ) (i) + 7)) 5 (1)

(V) f(W) = oW~ 1/2 where sin(nt) = (e — 1)/(2 + 2).
Asymptotic (v) follows from Meixner’s edge condition for

p =b,z — +0(6], this point will be clarified below. As follows from

(iii) and (v), the function f(w) possesses first-order zeros I'pshifted

with respect to y;})
Ty =75 + 7y /b, (12)

where Apare unknown shifts. The function f(w) can be constructed
in the form

RS w\ w\ 5 w -
{;_PO(W_V%))H<1 _*@)HO _r>H<l —w> ., (13)
n=1 Van' ) 551 S/ m=1 Vzm
G(w) =exp{—w/z[bIn(b/d) + aln(d/a)]}, d=a—b, constant
Pois chosen so that (11) is fulfilled, superscript (I) in (13) means
that the term with s = [ is excluded from the corresponding prod-
uct. Multiplier G(w) provides algebraic (“physical”) behaviour of
f(w) at |w| — cc. Considering integrals over circle C,with infinite
radius

oo f (L
JCo WE P Co \WTFVzp

calculating them using the residue theorem, and comparing the
result with (7)-(9), we obtain

)i o

R

Ap=Resf(y®). Co=f(—72)(2y2)"
~ -1
By = — (R () +£ (=13 (&) + 3 ) (47303 )

The key problem here is to correctly find shifts A,. To clarify
this, one should note that as follows from [G], required (physically
correct) behaviour of E,,near the edge p = b,z — +0 is

Ea)z ~ 27(1/271)7 (15)

(14)

that is dielectric in domain (1) decreases order of singularity com-
pared to the vacuum case (E,, ~z '/?for ¢ =1). For p>> 1, one
obtains 9y ~ kY ~jo, /b~ m(p—1/4)/b, VG ~y, ~Tp/d,
7% ~jop/a ~ m(p — 1/4)/a. Supposing that A, ~ p'for p > 1, from
the decomposition (3) and formulas (1) [6] we obtain:

Eo)~ D P2 exp (—p2) ~ 2 R, (16)

where Z = nz/a — +0. Comparing (16) and (15) we conclude that
n=-1-1, therefore A, ~p (*9, A, ~A,/p ~p /279, which
means that the presence of the dielectric in domain (1)
enhances the order of decreasing of A,in comparison with the
case ¢=1. The asymptotic behaviour of yg,),yg)and I'pat
p — oodetermines the asymptotic behaviour of f(w) at
|w| — ocand therefore, in accordance with the first relation in
(14), decreasing of Ayat p — oo(see [6] for details). One can show
that (15) is fulfilled if f(w) behaves as condition (v) dictates.
Finally, since the asymptotic of yéf,)and yg)are known, the
asymptotic of I'pshould be: I',—, . 7/b(p —1/4) + nt/b, that
is A, — tat p — oo. From (iii), we obtain the following nonlinear
system, determining Ap:

T ))zn +'))zp + A, /b

—A, = Vs T A = A

b=* (/p >Hyzn_/zp+ﬂ?A/b
1)

VZP Vzo Vzn + )’Zp Vzm - szz 1
>< bl
H e +7% G (%)

(17)

yzp Vzo n= 1))zn - yzp m= 1"/)zm

p=1,2,...,p#1L System (17) can be solved numerically
using iteration process [6,8] with zero-order approximation
Ay =T1.

3. Numerical results

Using aforementioned analytical approach, we calculated coef-
ficients of reflected (B,) and transmitted (A, C,) modes. For com-
parison with results of direct numerical simulation, we
calculated powers carrying by each mode through the correspond-
ing cross-section:
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