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a b s t r a c t

We investigate the spectral-angular distribution for the radiation emitted by a point charge moving along
a helical trajectory inside a cylindrical grating with conducting strips. Two types of the radiation pro-
cesses are realized: undulator and Smith–Purcell radiations. Their relative contributions to the total radi-
ation intensity are discussed in various asymptotic regions of the parameters describing the diffraction
grating and for large harmonics. The region of the parameters is specified for which the interference
effects between the undulator and Smith–Purcell radiations are essential.

� 2017 Published by Elsevier B.V.

1. Introduction

The radiation from a charged particle moving along a helical
trajectory has been widely discussed in the literature (see [1]
and references therein). This type of electron motion is used in
helical undulators for the generation of circularly polarized elec-
tromagnetic radiation in a narrow spectral interval at frequencies
ranging from radio or millimeter waves to X-rays. The correspond-
ing radiation is the main mechanism to explain the emissions of
many objects in radio astronomy. In [2–5], a more general exactly
solvable problem with the helical motion inside and outside of a
dielectric cylinder was considered. It has been shown that under
certain conditions for the permittivity of cylinder and the charge
velocity, high narrow peaks are present in the spectral-angular dis-
tribution for the number of radiated quanta.

In the present paper we consider a problem where the syn-
chrotron radiation from a charge moving along a helix is super-
posed with the Smith–Purcell radiation (for reviews see [6,7]).
Namely, we investigate the radiation from a charged particle mov-
ing inside a cylindrical grating with conducting strips parallel to
the cylinder axis. It is shown that the presence of the grating gives
rise to new interesting features.

2. Geometry of the problem and the electromagnetic fields

Let a point charge q moves along a helical trajectory of radius re
inside a coaxial grating consisting of metallic strips situated on a
cylindrical surface with radius rc; rc > re. The strips with the width
a and with the separation b are parallel to the helix axis. In the
cylindrical coordinates ðr;u; zÞ, with the axis z along the grating
axis, the strips are located in the angular regions
2pm=N 6 u 6 u0 þ 2pm=N; m ¼ 0;1;2; . . . ;N, where
N ¼ 2prc=ðaþ bÞ is the number of periods in the grating and
u0 ¼ a=rc is the angular width of the strips. We assume that the
system is immersed in a homogeneous medium with dielectric
permittivity e. The radius of the helix and the angular velocity
x0 are expressed in terms of the external magnetic field Hext and
of the charge transversal velocity v? by the formulas
re ¼ ðmecv?cÞ=ðqHextÞ; x0 ¼ v?=re, with c ¼ Ee=mec2, where me

and Ee are the mass and the energy of the charge.
Unlike to the problems with a solid cylinder discussed in [2–5],

for the problem under consideration an exact solution is not avail-
able. In the discussion below we assume that the radius of the heli-
cal trajectory is sufficiently close to the cylindrical grating (rc � re
is much smaller than the radiation wavelength). In this case, if
the angular coordinate of the charge is in the range
2pm=N 6 u 6 u0 þ 2pm=N (the charge moves near the strips) its
field in the region r > rc is screened by the strip (this screening is
exact in the problem with a conducting cylindrical shell). Conse-
quently, we can approximate the electromagnetic field in the
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region outside the grating by the field of the source with the cur-
rent density (v1 ¼ 0; v2 ¼ v?; v3 ¼ vk)

jl ¼ ðqv l=rÞdðr � reÞdðu�x0tÞdðz� vktÞ; l ¼ 1;2;3; ð1Þ
for u0 þ 2pm=N 6 u 6 2pðmþ 1Þ=N (corresponding to the seg-
ments of the charge trajectory in the regions between the strips)
and jl ¼ 0 for 2pm=N 6 u 6 u0 þ 2pm=N.

Within the framework of the approximation we use, the prob-
lem is reduced to the evaluation of the electromagnetic field gen-
erated by the current density (1) for a source moving in a
homogeneous medium. For the vector potential one has

Alðr; tÞ ¼ �
Z

dr0dt0
X3
l0¼1

Gll0 ðr; t; r0; t0Þ
jl0 ðr0; t0Þ
2p2c

; ð2Þ

where Gll0 ðr; t; r0; t0Þ is the electromagnetic field Green function in a
homogeneous medium with permittivity e. For the latter one has
the Fourier expansion:

Gll0 ðr; t; r0; t0Þ ¼
Xþ1

p¼�1

Rþ1
�1 dkz

Rþ1
�1 dx

�Gll0 ðp; kz;x; r; r0Þeipðu�u0 Þþikzðz�z0Þ�ixðt�t0 Þ:

ð3Þ

Substituting this expansion into (2) and using (1), the vector
potential in the region r > rc is presented as

Alðr; tÞ ¼ q
pc

Xþ1

n;m¼�1
smeiðnþNmÞu Rþ1

�1 dkz e�ixnðkzÞt

�eikzz
X3
l0¼1

v l0Gll0 ðnþ Nm; kz;xnðkzÞ; r; reÞ;
ð4Þ

with the notations xnðkzÞ ¼ nx0 þ kzvk and

sm ¼
1
pm e�imNu0=2 sinðmNu0=2Þ; m– 0;
Nu0=2p� 1; m ¼ 0;

(
: ð5Þ

The expressions for Gll0 ðp; kz;x; r; r0Þ are known from the litera-
ture (see [8]). We omit the details of the evaluation and present the
final expressions for the magnetic and electric fields, with the
Fourier expansions

Fl ¼
Xþ1

n;m¼�1

Z þ1

�1
dkz ei nþmNð Þu�ixnðkzÞtþikzzFnml; ð6Þ

where F ¼ H; E for the magnetic and electric fields, respectively. The
Fourier components of the magnetic field in cylindrical coordinates
are given by the expressions

where JmðxÞ is the Bessel function, HmðxÞ ¼ Hð1Þ
m ðxÞ is the Hankel func-

tion and k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

nðkzÞe=c2 � k2z

q
. For the Fourier components of the

electric field one gets

Enm1 ¼ �iqsm
2exnðkzÞ v?k

nþ Nm
r

J0nþNmðkreÞHnþNmðkrÞ
�

� v?
2

k2z
X
a¼�1

aJnþNmþaðkreÞHnþNmþaðkrÞ � vkkkzJnþNm kreð ÞH0
nþNm krð Þ

)
;

Enm2 ¼ �qsm
2exnðkzÞ vkkz

nþ Nm
r

JnþNm kreð ÞHnþNm krð Þ
�

� v?
2

k2z
X
a¼�1

JnþNmþaðkreÞHnþNmþaðkrÞ � v?k
2J0nþNmðkreÞH0

nþNmðkrÞ
)
;

Enm3 ¼ qsm
2exnðkzÞ k2vk � v?kz

nþ Nm
re

� �
� JnþNmðkreÞHnþNmðkrÞ: ð8Þ

The special case u0 ¼ 0 corresponds to the absence of the
diffraction grating. In this case sm ¼ �dm0 and from (7) and (8)
we obtain the fields for the charge moving in a homogeneous
medium.

3. Radiation intensity at large distances

In this section we consider the radiation intensity at large dis-
tances from the grating. By taking into account that for x � 1 for
the Hankel function one has jHmðixÞj �

ffiffiffiffiffiffiffiffiffiffiffi
2=px

p
e�x, from (7) and

(8) we see that for the part of the field corresponding to the radi-
ation at large distances one has k2 > 0. For k2 < 0 the Fourier com-
ponents are exponentially damped for large r and their
contribution to the energy flux through a cylindrical surface with
radius r tends to zero for r ! 1 (here the details are similar to that
we have used in [2,5] for the problem of the radiation from a
charge rotating around a dielectric cylinder.

For the mode n ¼ 0 we get xnðkzÞ ¼ kzvk and this mode con-
tributes to the radiation field only under the Cherenkov condition
bk ¼ vk

ffiffiffi
e

p
=c > 1. The corresponding radiation propagates along the

Cherenkov angle h ¼ hCh ¼ arccosð1=bkÞ with respect to the helix
axis and the radiation intensity is given by the expression

In¼0 ¼ q2

vk

Xþ1

m¼�1
jsmj2

�
Z
bk>1

dx
x
e

b2
?J

02
NmðxxÞ þ

Nmv?
xxvk

� �2

þ b2
k � 1

 !
J2Nm xxð Þ

" #
;

ð9Þ

where b? ¼ v?
ffiffiffi
e

p
=c and xx ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
k � 1

q
re=vk. This part corresponds

to the Cherenkov radiation.
For the radiation on the harmonics n – 0, the condition k2 > 0 is

reduced to the inequality

k2z ð1� b�2
k Þ þ 2kznx0=vk þ ðnx0=vkÞ2 > 0: ð10Þ

The corresponding solution is expressed in terms of the angular
variable h; 0 6 h 6 p, as

Hnm1 ¼ qsm
2c

�kz
v?
2

X
a¼�1

JnþNmþaðkreÞHnþNmþaðkrÞ þ vk
nþ Nm

r
JnþNm kreð ÞHnþNm krð Þ

( )
;

Hnm2 ¼ iqsm
2c

kz
v?
2

X
a¼�1

aJnþNmþaðkreÞHnþNmþaðkrÞ þ vkkJnþNm kreð ÞH0
nþNm krð Þ

( )
;

Hnm3 ¼ iqv?k
2c

smJ
0
nþNmðkreÞHnþNmðkrÞ; ð7Þ
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