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Abstract

A new spectral problem is introduced, which is indicated to be the negative coun-

terpart of the mKdV spectral problem. Based on the fact, some integrable nonlinear

evolution equations are obtained, including the derivative Schwarzian KdV equation,

the mKdV5 equation and the sine-Gordon equation. Besides, Lax pairs and finite

genus solutions of the equations are given.
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1 Introduction

Integrable nonlinear evolution equations (NEEs) play an important role in mathematics and

physics. An effective approach to study such equations is to treat them as the hierarchies yielded

from spectral problems. The idea originated from 1968, in the paper of Lax, a KdV hierarchy

was provided [1]. Then in 1970s, Zakharov and Shabat, Ablowitz, Kaup, Newell and Segur,

developed the inverse scattering transform method to study NEEs as a hierarchy in a wider

context [2,3]. Till now, many famous examples have been presented; for instance, the Camassa-

Holm hierarchy [4], the Kaup-Newell hierarchy [5] and the Ablowitz-Ladik hierarchy [6].

And it is worth mentioning that members of a hierarchy share the common features: Lax

representations, conservation laws, bi-Hamiltonian structures, etc. In view of this, finding suit-

able spectral problems is of great significance in the discussion of integrable NEEs.

In the present paper, we will introduce a new spectral problem written as

χy = V−1χ, V−1 =

(
0 λ−1s−1

λ−1s 0

)
, χ =

(
χ1

χ2

)
, (1.1)

which will be proved to be the negative counterpart of the mKdV spectral problem

χx = V1χ, V1 =

(
u λ

λ −u

)
, χ =

(
χ1

χ2

)
. (1.2)
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