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Fractional Kirchhoff equation with a general critical nonlinearity

Hua Jin, Wenbin Liu∗

College of Science,China University of Mining and Technology,Xuzhou, 221116, China

Abstract

In this paper, for any dimension N > 2s(0 < s < 1), we study the fractional Kirchhoff equation

(
a+ b

∫

RN

|(−∆)
s
2u|2dx

)
(−∆)su+ u = f(u) in RN ,

with a critical nonlinearity, where (−∆)s is the fractional Laplacian. By using a perturbation approach,
we prove the existence of solutions to the above problem without the Ambrosetti-Rabinowitz condition
when the parameter b is small. What’s more, we obtain the asymptotic behavior of solutions as b → 0.
The method we use and the result we get are applicable in any dimension N > 2s. Our result improves
the study made in the low dimension 2s < N < 4s.
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1. Introduction and main result

In this paper, we are concerned with the following fractional Kirchhoff equation

(
a+ b

∫

RN

|(−∆)
s
2u|2dx

)
(−∆)su+ u = f(u) in RN , (1.1)

where N > 2s with 0 < s < 1, a, b are positive constants and (−∆)su is the fractional Laplacian which
arises in the description of various phenomena in the applied science, such as the phase transition [19],
Markov processes [1] and fractional quantum mechanics [15]. When a = 1 and b = 0, (1.1) becomes the
fractional Schrödinger equations which have been studied by many authors.

We refer the readers to [2, 5, 6, 7] and the references therein for the details. When s = 1, the problem
(1.1) reduces to the well-known Kirchhoff equation

−
(
a+ b

∫

RN

|∇u|2dx
)

∆u+ u = f(u) in RN , (1.2)

which has been studied in the last decade, see [9, 12, 17]. The equation (1.2) is related to the stationary
analogue of the Kirchhoff equation utt −

(
a+ b

∫
Ω
|∇u|2dx

)
∆u = f(x, u) on Ω ⊂ RN bounded, which

was proposed by Kirchhoff [13] in 1883 as a generalization the classic D’Alembert’s wave equation for
free vibrations of elastic strings. Recently, in bounded regular domains of RN , Fiscella and Valdinoci [11]
proposed the following fractional stationary Kirchhoff equation

{
M
(∫

RN |(−∆)
s
2u|2

)
(−∆)su = f(x, u), in Ω,

u = 0 in RN\Ω, (1.3)
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