
Applied Mathematics Letters 70 (2017) 1–6

Contents lists available at ScienceDirect

Applied Mathematics Letters

www.elsevier.com/locate/aml

A two-mode modified KdV equation with multiple soliton
solutions
Abdul-Majid Wazwaz
Department of Mathematics. Saint Xavier University, Chicago, IL 60655, USA

a r t i c l e i n f o

Article history:
Received 20 January 2017
Accepted 18 February 2017
Available online 24 February 2017

Keywords:
Two-mode modified kdv equation
Dispersion relation
Multiple soliton solutions
Periodic solutions

a b s t r a c t

In this work we establish a two-mode modified Korteweg–de Vries equation
(TmKdV). We show that multiple soliton solutions exist for specific values of the
nonlinearity and dispersion parameters of this equation. We also derive more exact
solutions for other values of these parameters. We will use the simplified Hirota’s
method, the tanh/coth method to conduct this analysis.

© 2017 Published by Elsevier Ltd.

1. Introduction

The celebrated KdV equation

ut + auux + uxxx = 0, (1)

and the modified KdV (mKdV) equation

ut + au2ux + uxxx = 0, (2)

are the pioneer equations that highly contributed for the development of the solitary waves theory. The KdV
equation is a classical paradigm of integrable nonlinear evolution equations that arises in many physical
phenomena such as ion-acoustic waves in plasmas and surface water waves. The mKdV equation arises in
electric circuits and multi-component plasmas. Many aspects of nonlinear wave theory have been developed
over the past decades.

E-mail address: wazwaz@sxu.edu.

http://dx.doi.org/10.1016/j.aml.2017.02.015
0893-9659/© 2017 Published by Elsevier Ltd.

http://dx.doi.org/10.1016/j.aml.2017.02.015
http://www.elsevier.com/locate/aml
http://www.elsevier.com/locate/aml
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aml.2017.02.015&domain=pdf
mailto:wazwaz@sxu.edu
http://dx.doi.org/10.1016/j.aml.2017.02.015


2 A.M. Wazwaz / Applied Mathematics Letters 70 (2017) 1–6

In [1], Korsunsky was the first to propose the nonlinear dispersive two-mode KdV equation, referred to
as the two-mode KdV equation (TKdV), defined as

utt + (c1 + c2)uxt + c1c2uxx +
(

(α1 + α2) ∂

∂t
+ (α1c2 + α2c1) ∂

∂x

)
uux

+
(

(β1 + β2) ∂

∂t
+ (β1c2 + β2c1) ∂

∂x

)
uxxx = 0,

(3)

where u(x, t) is a field function, −∞ < x, t < ∞, the αi are the parameters of nonlinearity, and the βi

are the dispersion parameters for the first (i = 1) and for the second (i = 2) mode [1], and the ci are
the phase velocities. The field function u(x, t) represents the height of the water’s free surface above a flat
bottom. The TKdV equation describes the propagation of two different wave modes in the same direction
simultaneously, with the same dispersion relation but different phase velocities, nonlinearity, and dispersion
parameters [1–7].

In [1–7], by using specific transformations, Eq. (3) was reduced to

utt − s2uxx +
(

∂

∂t
− αs

∂

∂x

)
uux +

(
∂

∂t
− βs

∂

∂x

)
uxxx = 0, (4)

where

s = 1
2(c1 − c2),

α = α2 − α1

α2 + α1
, |α| ≤ 1,

β = β2 − β1

β2 + β1
, |β| ≤ 1.

(5)

It is to be noted that for s = 0, the TKdV equation (4) is reduced to the standard KdV equation after
integrating with respect to time t.

Various methods have been used to investigate the nonlinear evolutions [1–12], such as the Hirota bilinear
method and its simplified version, and the Bäcklund transformation method. The Hirota’s bilinear method
and the simplified form possess strong features that make it practical for the determination of multiple
soliton solutions.

The main goals set for this work are two-fold. We first aim to establish a two-mode modified KdV equation
(TmKdV). Second, we seek to conduct a reliable analysis to examine the conditions that will make this newly
developed equation give multiple soliton solutions.

2. Formulation of the two-mode modified KdV equation

To establish the two-mode modified KdV equation, we combine the sense of Korsunsky [1] used to propose
the TKdV equation (3), and the structure of the modified KdV equation (2), to propose the nonlinear
dispersive equation, and will be referred to it as the two-mode mKdV equation (TmKdV), given as

utt + (c1 + c2)uxt + c1c2uxx +
(

(α1 + α2) ∂

∂t
+ (α1c2 + α2c1) ∂

∂x

)
u2ux

+
(
(β1 + β2) ∂

∂t + (β1c2 + β2c1) ∂
∂x

)
uxxx = 0,

(6)

where u(x, t) is a field function, −∞ < x, t < ∞. We define the parameters αi as the nonlinearity parameters,
and the parameters βi as the dispersion parameters for the first (i = 1) and for the second (i = 2) mode [1],
and the ci are the phase velocities. The field function u(x, t) represents the height of the water’s free surface
above a flat bottom. The TmKdV equation describes the propagation of two different wave modes in the
same direction simultaneously.
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