
Accepted Manuscript

Continuity of the eigenvalues for a vibrating beam

Xin Jiang, Kairong Liu, Gang Meng, Zhikun She

PII: S0893-9659(16)30357-3
DOI: http://dx.doi.org/10.1016/j.aml.2016.12.006
Reference: AML 5143

To appear in: Applied Mathematics Letters

Received date : 17 October 2016
Revised date : 6 December 2016
Accepted date : 6 December 2016

Please cite this article as: X. Jiang, et al., Continuity of the eigenvalues for a vibrating beam, Appl.
Math. Lett. (2016), http://dx.doi.org/10.1016/j.aml.2016.12.006

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to
our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form.
Please note that during the production process errors may be discovered which could affect the
content, and all legal disclaimers that apply to the journal pertain.

http://dx.doi.org/10.1016/j.aml.2016.12.006


Continuity of the Eigenvalues for a Vibrating Beam

Xin Jianga , Kairong Liua , Gang Mengb , Zhikun Shea∗

a School of Mathematics and Systems Science, Beihang University, Beijing 100191, China
b School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

E-mail: jiangx@buaa.edu.cn, krliu@buaa.edu.cn, menggang@ucas.ac.cn, zhikun.she@buaa.edu.cn

Abstract

In this paper we prove that the eigenvalues of a vibrating beam have a strongly continuous dependence on the elastic de-
structive force, i.e., the eigenvalues, as nonlinear functionals of the elastic destructive force, are continuous in the elastic
destructive force with respect to the weak topologies in the Lebesgue spaces Lp. In virtue of the minimax characterization
for eigenvalues, we prove first the continuity of the lowest eigenvalue and then all the eigenvalues by the induction principle.

Keywords: Eigenvalue, continuity, weak topology.

1. Introduction

For 1 ≤ p ≤ ∞, let Lp := Lp([0, 1],R) be the Lebesgue space with the Lp norm denoted by ‖ · ‖p = ‖ · ‖Lp[0,1]. From the
elementary beam theory, the natural modes of buckling of our problem are the eigenfunctions of a vibrating beam

y′′′′(x) + λy′′(x) + F(x)y(x) = 0, x ∈ [0, 1], (1.1)

with the hinged-hinged boundary condition

y(0) = y(1) = 0 = y′′(0) = y′′(1). (1.2)

Here, the elastic destructive force (per unit length) F(x) ∈ Lp and the eigenvalue λ represents the axial compressive force
necessary to cause the beam to buckle. It has been shown in [2] that problem (1.1)-(1.2) has a sequence of real eigenvalues
0 < λ1(F) < λ2(F) < · · · < λm(F) < · · · and the nth eigenfunction yn has n− 1 zeros ηis interlaced as 0 < η1 < · · · < ηn−1 < 1.

In this paper, we will discuss the strongly continuous dependence for the eigenvalues of a vibrating beam on the elastic
destructive force. That is, we attempt to prove that as nonlinear functionals of the elastic destructive force, eigenvalues are
continuous in the elastic destructive force with respect to the weak topologies in the Lebesgue spaces Lp. This continuity
result is the basis to study eigenvalues in a quantitative way. As did in [6, 7, 8, 10] for the second order systems, we will study
quantitative analysis for eigenvalues of the fourth order beam equation in future works.

To start with, for the Lebesgue spaces Lp, besides the norm topologies ‖ · ‖p, one can define the weak topologies wp as
follows. We say that qn → q in (Lp,wp) if

∫ 1
0 qnv dx →

∫ 1
0 qv dx for each v ∈ Lp∗ , where p∗ = p/(p − 1) is the conjugate

exponent of p. Then a functional f : Lp → R is said to be strongly continuous if f : (Lp,wp) → R is continuous. Based on
these two definitions, the main result of this paper on the continuity of λm(F) in F is described as follows.

Theorem 1.1. For each m ∈ N, as a nonlinear functional, λm(F) is strongly continuous in F ∈ Lp, where 1 ≤ p ≤ ∞.

Since (L1,w1) is the weakest topology, it suffices to show the theorem for the case p = 1. Once the Theorem 1.1 is proved,
one has that λm : (Lp, ‖ · ‖p) → R, F → λm(F) is continuous, which means that our continuity conclusion is stronger than
the continuity conclusion in [5]. Different from the approaches used in [4, 5, 7, 9] for the second-order equations, we will
extensively exploit the minimax characterization for eigenvalues λm(F)s to prove the main result of this paper as follows:
Firstly, we show the strongly continuous dependence of the lowest eigenvalue λ1(F) on F in Section 2; Then, we prove the
strongly continuous dependence of the higher order eigenvalues λm(F)s (m > 1) by the induction principle in Section 3.

2. The continuity of the lowest eigenvalue

Given F ∈ Lp, where 1 ≤ p ≤ ∞, and λ ∈ R, let ϕi(x, λ, F) be the fundamental solution of equation (1.1) satisfying
(y(0), y′(0), y′′(0), y′′′(0))T = ei, where 1 ≤ i ≤ 4. Results in [4, 9] imply that solutions of (1.1) have a strongly continuous
dependence on the elastic destructive force F, i.e., as nonlinear operators, the following solution mappings

R × (Lp,wp)→ (C3, ‖ · ‖C3 ), (λ, F)→ ϕi(·, λ, F), (2.1)
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