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a b s t r a c t

In this short note, we derive a sharp condition in terms of the end-points of the
given interval which ensures the uniqueness of solutions for a Liouville–Caputo type
fractional differential equation supplemented with two-point boundary conditions.
A comparison with Riemann–Liouville type two-point fractional boundary value
problem as well as with the classical two-point problem is presented.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The idea of fractional derivative dates back to the origin of calculus and was rigorously introduced in
the 19th century by Liouville and Riemann. Fractional calculus has been extensively studied and developed
during the last few decades. It has been mainly due to an overwhelming interest shown by the modelers
and researchers in the subject. One can find the applications of fractional-order derivatives and integrals in
several disciplines such as applied mathematics, control theory, mechanical structures and physics. In fact
the literature on the topic is now much enriched and covers theoretical development as well as applications of
this important branch of mathematics. In particular, the subject of fractional-order boundary value problems
has received great attention and a variety of results dealing with the existence and uniqueness theory, and
analytic and numerical methods for such problems involving a variety of boundary conditions have been
established. For some recent works on the topic, we refer the reader to a series of papers [1–8] and the
references cited therein.

In this paper, we consider the following two-point Liouville–Caputo type boundary value problem:{
cDβx(t) = −f(t, x(t)), 1 < β < 2, t ∈ [a, b], a, b ∈ R

x(a) = δ1, x(b) = δ2, δi ∈ R, i = 1, 2, (1)
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where cDβ denotes the Caputo fractional derivative of order β, and f is an appropriate continuous
functions.

We organize the rest of the contents of the paper as follows. In Section 2, we recall some basic definitions
of fractional calculus and prove an auxiliary lemma. Section 3 contains the uniqueness result, while Section 4
presents a detailed discussion.

2. Background material

First of all, we describe some preliminary concepts of fractional calculus [9].

Definition 2.1. The fractional integral of order σ with the lower limit a for a function ψ is defined as

Iσψ(t) = 1
Γ (σ)

∫ t

a

ψ(s)
(t− s)1−σ

ds, t > a, r > 0,

provided the right-hand side is point-wise defined on [a,∞), where Γ (·) is the gamma function, which is
defined by Γ (σ) =

∫∞
0 tσ−1e−tdt.

Definition 2.2. The Riemann–Liouville fractional derivative of order σ > 0, n − 1 < σ < n, n ∈ N , is
defined as

Dσ
a+ψ(t) = 1

Γ (n− σ)

(
d

dt

)n ∫ t

a

(t− s)n−σ−1ψ(s)ds,

where the function ψ has absolutely continuous derivative up to order (n− 1).

Definition 2.3. The Caputo derivative of order σ for a function ψ : [a,∞) → R can be written as

cDσψ(t) = Dσ
a+

(
ψ(t) −

n−1∑
k=0

tk

k!ψ
(k)(a)

)
, t > a, n− 1 < σ < n.

Remark 2.1. If ψ(t) ∈ Cn[a,∞), then

cDσψ(t) = 1
Γ (n− σ)

∫ t

a

ψ(n)(s)
(t− s)σ+1−n

ds = In−σψ(n)(t), t > a, n− 1 < σ < n.

Now we prove an auxiliary lemma for the linear variant of problem (1).

Lemma 2.1. A function x ∈ C2[a, b] is a solution of problem (1) if and only if it satisfies the integral
equation

x(t) = δ1 + t− a

b− a

(
δ2 − δ1 + 1

Γ (β)

∫ b

a

(b− s)β−1f(s, x(s))ds
)

− 1
Γ (β)

∫ t

a

(t− s)β−1f(s, x(s))ds. (2)

Proof. As argued in [10], the solution of fractional differential equation in (1) can be written as

x(t) = c1 + c2(t− a) − 1
Γ (β)

∫ t

a

(t− s)β−1f(s, x(s))ds, (3)
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