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Ground state solutions to biharmonic equations
involving critical nonlinearities and multiple

singular potentials

Dongsheng Kang∗ , Ping Xiong
School of Mathematics and Statistics, South–Central University for Nationalities,

Wuhan 430074, China.

Abstract

In this paper, a biharmonic problem is investigated, which involves critical
Sobolev nonlinearity and multiple Rellich–type terms. By complicated asymp-
totic analysis and variational arguments, the existence and nonexistence of
ground state solution to the problem are established.
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1 Introduction

In this paper, we study the following biharmonic problem:




∆2u−
k∑

i=1

µi

|x− ai|4
u = u2∗−1,

u ∈ D2,2(RN), u ≥ 0 in RN \ {a1, a2, · · · , ak},
(1.1)

where 2∗ := 2N
N−4

is the critical Sobolev exponent, D2,2(RN ) is the completion of

C∞
0 (RN) with respect to (

∫
RN |∆· |2 dx)1/2 and the parameters satisfy the assumption:

(H1) N ≥ 5, k ≥ 2, µi ∈ R, ai ∈ RN , ai 6= aj , i 6= j, 1 ≤ i, j ≤ k.

Problem (1.1) is related to the following Rellich inequality [1]:
∫

RN

u2

|x− a|4dx ≤ 1

µ̄

∫

RN

|∆u|2dx, ∀a ∈ RN , u ∈ D2, 2(RN),

where µ̄ :=
(
N(N−4)

4

)2
. Then the following best Sobolev constant is well defined:

S(µ) = inf
u∈D2, 2(RN )\{0}

∫
RN

(
|∆u|2 − µ u2

|x−a|4
)
dx

( ∫
RN |u|2∗dx

) 2
2∗

, a ∈ RN , µ < µ̄.
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