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Abstract

In this paper we investigate oscillations of conjoined bases of linear Hamiltonian differential systems related via sym-
plectic transformations. Both systems are considered without controllability (or normality) assumptions and under the
Legendre condition for their Hamiltonians. The main result of the paper presents new explicit relations connecting the
multiplicities of proper focal points of Y(t) and the transformed conjoined basis Ỹ(t) = R−1(t)Y(t), where the symplec-
tic transformation matrix R(t) obeys some additional assumptions on the rank of its components. As consequences of
the main result we formulate the generalized reciprocity principle for the Hamiltonian systems without normality. The
main tool of the paper is the comparative index theory for discrete symplectic systems generalized to the continuous
case.
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1. Introduction

The principal concern of this paper is the mutual oscillatory behaviour of the linear Hamiltonian systems [1]

y′(t) = JH(t)y(t), H(t) =

[−C(t) AT (t)
A(t) B(t)

]
, H(t) = HT (t), J =

[
0 I
−I 0

]
, t ∈ [a,∞) (1.1)

and

ỹ′(t) = JH̃(t)ỹ(t), H̃(t) =

[−C̃(t) ÃT (t)
Ã(t) B̃(t)

]
, H̃(t) = H̃T (t), t ∈ [a,∞) (1.2)

which are related via the symplectic transformation

ỹ(t) = R−1(t)y(t), R(t) =

[
L(t) M(t)
K(t) N(t)

]
, RT (t)JR(t) = J, t ∈ [a,∞). (1.3)

Here we assume that the n × n blocks of H(t), H̃(t) are real piecewise continuous matrix functions of t and we
use the notation I, 0 for the identity and zero matrices. It is well known [4] that if R(t) ∈ R2n×2n is symplectic,
then (1.2) is also a linear Hamiltonian system, in more details, H̃(t) = RT (t)(H(t)− JT R′(t)R−1(t))R(t) = H̃T (t), where
JT R′(t)R−1(t) = JR′(t)JRT (t)J is symmetric by (1.3). We assume that R(t) ∈ C1

p (i.e., R(t) is continuous with piecewise
continuous R′(t)) and that systems (1.1), (1.2) obey the so-called Legendre conditions

B(t) ≥ 0, t ∈ t ∈ [a,∞), (1.4)
B̃(t) ≥ 0, t ∈ t ∈ [a,∞), (1.5)

where A ≥ 0 means that the symmetric matrix A is nonnegative definite.
In the classical transformation theory, such as in [2, 3, 4, 5, 6] systems (1.1), (1.2) are studied under controllabil-

ity (or normality) assumption, see [7, Section 4.1]. Using the controllability assumption and (1.4), (1.5) it has been
shown in [2, 4, 8] that for R(t) = J system (1.1) is nonoscillatory if and only if the so-called reciprocal system (1.2)
with the Hamiltonian H̃(t) = JTH(t)J is nonoscillatory. This statement is now commonly referred as reciprocity
principle for Hamiltonian systems. In [5] the reciprocity-type statement was extended under natural additional as-
sumptions to general transformation (1.3). For example, it is proved in [5, Theorem 1], that under the assumption
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