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PERIODIC SOLUTIONS OF LIEBAU-TYPE DIFFERENTIAL

EQUATIONS

FANG-FANG LIAO

Abstract. We study the existence of positive periodic solutions for a second
order differential equation which is related to the Liebau phenomenon. The
proof is based on the fixed point theorem in cones. Our results improve and
generalize those in the literature.

1. Introduction

In [13], Propst presented differential equations modeling a periodically forced
flow through different pipe-tank configurations. Such differential equations are
related to the Liebau phenomenon, which was observed by the physician Liebau
[12] in the 1950s when he tried to developed experiments dealing with a valveless
pumping phenomenon arising in blood circulation, and was numerically investigated
in [1]. In particular, from the mathematical point of view, Propst presented the
following interesting differential equation

(1.1) u′′ + au′ =
1

u
(e(t)− bu′)− c,

where a ≥ 0, b > 1, c > 0 are constants and e ∈ C(R/TZ,R). For the reason of
periodic force, it is natural to look for the T -periodic solutions of (1.1) under suitable
conditions. Although equation (1.1) is singular, fortunately it can be transformed
into a regular equation by the change of variables, which has been used in [5, 6, 7].
In fact, equation (1.1) is equivalent to the following equation

(1.2) x′′ + ax′ =
e(t)

µ
x1−2µ − c

µ
x1−µ,

by taking the change of variables u = xµ with µ = 1
b+1 .

In the recent papers [5, 6], the following generalized equation of the form (1.2)
was studied

(1.3) x′′ + ax′ = r(t)xα − s(t)xβ ,

in which a ≥ 0, r, s ∈ C(R/TZ,R) and 0 < α < β < 1. By using a well-known
fixed point theorem together with a careful analysis of the Green’s functions of
the linear equations, the existence of positive T -periodic solutions of (1.3) has been
established. In particular, as an application, explicit existence conditions were given
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