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A new method based on maximum thrust theory to design a two-dimensional single expansion ramp 
nozzle with geometric constraints directly is presented in this paper. To generate the contour of the 
nozzle, the inviscid flowfield is calculated by using the method of characteristics and the reference 
temperature method is applied to correct the boundary layer thickness. The computational fluid dynamics 
approach is employed to obtain the aerodynamic performance of the nozzles. The results show that the 
initial arc radius slightly influences the axial thrust coefficient and that the variations in the length and 
initial expansion angle of the cowl significantly affect the axial thrust coefficient. The nozzle designed by 
truncating ideal nozzle is also investigated for comparison to verify the superiority of this new method. 
The nozzle designed by this proposed method shows increases in the axial thrust coefficient, lift, and 
pitching moment of 5.5%, 1098.2% and 20.3%, respectively, at the design point. Moreover, the proposed 
nozzle provided the positive lift with considerable increments in the axial thrust coefficient and in the 
pitching moment at off-design operations.

© 2017 Elsevier Masson SAS. All rights reserved.

1. Introduction

Compared to common propulsion systems, a scramjet can pro-
vide a significant specific impulse at hypersonic speeds (Ma > 5); 
hence, scramjets become a promising candidate for hypersonic 
flight vehicles [1]. A scramjet, which typically comprises an inlet, 
isolator, combustor, and nozzle, should be integrated with the air-
frame, as shown in Fig. 1. As an indispensable scramjet component, 
the nozzle controls the expansion of the exhaust gas from burner-
exit static pressure to ambient pressure with the optimal perfor-
mance throughout the operation of the vehicle. Airframe/propul-
sion integration requires that the nozzle should be always inte-
grated with the after-body of the vehicle by using it as the upper 
expansion ramp. Besides, the wide range of flight Mach numbers 
has a detrimental effect on the operation of the nozzle. Therefore, 
the nozzle with single expansion ramp (SERN) is always employed 
in hypersonic propulsion systems for the geometric considerations 
and its certain self-adaptability at off-design operations.

The magnitude of the axial momentum on the exit section is 
identical to that on the entrance section in a scramjet, and there-
fore, the axial thrust of a nozzle considerably influences the accel-
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Fig. 1. Schematic of a typical scramjet engine.

eration of hypersonic vehicles; especially, the nozzle can produce 
70 percent of the net thrust in the entire propulsion system, when 
the flight Mach number is greater than six [2]. Given that the ex-
pansion ramp of the nozzle is integrated with the after-body of the 
vehicle, the nozzle also stabilizes the vehicle by generating lift and 
strong nose-down pitching moment. Overall, the performance of a 
SERN is critical to the efficiency of the propulsion system and it 
should be designed carefully. Even though operating over a wide 
range of flight Mach numbers, the SERN is frequently designed at 
the cruise condition to obtain the optimal performance along the 
flight trajectory. At the same time, the off-design operation should 
be taken into account in designing the nozzle. Furthermore, the 
stringent geometric constraints also should be considered for the 
configuration and weight of the vehicle.
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Nomenclature

A area
a speed of sound
Cfx axial thrust
F thrust
Fs ideal thrust
G asymmetry factor
H flight height
h height
Im impulse function at the nozzle entrance
L lift
Ln length of nozzle
Lc length of cowl
Lmax maximum length of cowl
M pitching moment
Ma Mach number
ṁ mass flow rate
N∗ term expressed as ( T ∗

Tpri
)n−1

P pressure
R gas constant
Rin initial arc radius
Rx axial force by integrating the relative pressure on the 

nozzle internal wall
Rex local Reynolds number
T temperature
T ∗ reference temperature
V velocity
X nozzle performance parameters include Cfx , L and M

x X direction coordinate
y Y direction coordinate
α Mach angle
δ 2D/axisymmetric switch
δ1 boundary layer thickness
δL initial expansion angle on the cowl
δU initial expansion angle on the ramp
�X augmentation of nozzle performance include �Cfx , �L

and �M
γ specific heat ratio
ρ density
φ slope angle
θ flow angle
μ viscosity
η truncation ratio

Subscript

A nozzle A
amb ambient
aw adiabatic wall
B nozzle B
e nozzle exit
in nozzle entrance
pri nozzle primary flow
t flow parameter at total condition
w wall
∞ freestream

In traditional nozzle designs, the uniform, parallel flow at the 
desired exit Mach number maximizes the resulting thrust by us-
ing the method of characteristics (MOC) [3,4]; however, the length 
of the nozzle exceeds the acceptable length for the propulsion 
system. To decrease the length of the ideal nozzle, previous stud-
ies developed some approaches, such as using a minimum length 
nozzle [5,6], or introducing an asymmetry factor to increase the 
expansion on the cowl [7]. Although these methods achieved the 
desirable results to some extent, the lengths of the ideal SERNs are 
still unacceptable for highly integrated hypersonic vehicles. There-
fore, studies have been conducted to reduce the nozzle length by 
compressing or truncating perfect nozzles [8–13]. Hoffman [8] in-
vestigated the performance of linearly compressed perfect nozzles 
and found that an optimally compressed perfect nozzle was a good 
propulsive nozzle. Based on the method of linearly compressed 
perfect nozzle, Quan et al. [9] compressed only the rear part of 
an ideal nozzle, namely nonlinear compression, because it had very 
little contribution to the axial thrust. Nonlinearly compressed SERN 
performed more effectively at an off-design condition and the noz-
zle length was reduced by as much as 40 percent, but the opti-
mal location of the initial compression was uncertain and required 
abundant time for computation. Compared to the compressed per-
fect nozzle, the truncated nozzle may be used more widely. Ref-
erence [10] showed that the ideal nozzle with 70% truncation had 
only a slight influence on the nozzle thrust performance at the de-
sign point, whereas it strongly deteriorated the performance under 
the off-design conditions. In reference [13], Zhao et al. introduced 
a new truncation method based on the balance of thrust and fric-
tion to reduce the length and weight of the nozzle by 25% and 
34%, respectively. Besides, references [14–17] optimized the con-
figurations of SERNs to match well with the geometric constraints.

In recent years, the three-dimensional asymmetric scramjet 
nozzle has been developed by using streamline tracing [18,19] and 
optimization design [20]. Compared to the two-dimensional SERN, 

the three-dimensional asymmetric nozzle may be superior in some 
aspects, but the complex contour induced problems to variable ge-
ometry, such as for the exhaust system of turbine based combined 
cycle (TBCC) engine with the wide range of flight Mach num-
bers, so the two-dimensional SERN is also attractive for hypersonic 
vehicles [21]. However, previous studies have yet to obtain the 
optimal contour of the two-dimensional SERNs. The methods of 
compressing and truncating perfect nozzles [8–13] only focused on 
trimming the ideal nozzle to satisfy the geometric constraints and 
were unable to consider the performance of the SERNs simultane-
ously. Although the optimization method [14–17] could obtain the 
optimal performance of the SERN under geometric constraints, it 
consequently required a long computational time. Therefore, a new 
method that can directly design an SERN with optimal perfor-
mance while considering geometric constraints is necessary.

To increase the performance of the axisymmetric nozzle, Rao 
[22] developed the maximum thrust theory to obtain the optimal 
thrust of a rocket nozzle with a fixed length and mass flow rate. 
This solution has widely been used to design the rocket nozzles, 
and it can be used as a reference for the design of two-dimensional 
SERNs.

In this paper, the maximum thrust theory for a two-dimensional 
SERN is obtained by using the multiplier method in the Section 2, 
and the design process of the SERN under geometric constraints is 
presented in Section 3. The numerical solution, which is applied 
to obtain the detailed flowfield and performance of the designed 
SERNs, is introduced in Section 4. Section 5 displays the defini-
tion of performance parameters for the SERNS, and a SERN design 
case and the effects of the design parameters on the performance 
are studied in Section 6. In Section 7, a SERN designed by truncat-
ing ideal nozzle is also designed for comparing with the proposed 
SERN design method and the performance comparison between 
the two configurations is carried out to verify the superiority of 
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