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a b s t r a c t

Continuous spectrum of linear transport equation in a homogeneous slab is investigated for four different
boundary conditions. These are vacuum, reflective, periodic and isotropic return conditions. It is found
that the continuous spectrum is quite different for these four conditions. It is also shown that the contin-
uous spectrum exists even if there are no infinite paths in the system.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Lehner and Wing (1955) in their pioneering work showed that
the time-eigenvalue spectrum (time behaviour � expð�ktÞ) of lin-
ear transport operator A differs markedly from those encountered
in mathematical physics. They considered one speed equation with
isotropic scattering in a homgeneous slab and vacuum boundary
conditions on both the surfaces.They proved that the entire half-
plane RðkÞ P ðvRÞ (v being the particle speed and R the total
macroscopic cross section of the slab medium) belongs to the Con-
tinuous Spectrum (CrðAÞ) of the transport operator. They also
showed that no discrete eigenvalues (Point Spectrum PrðAÞ) exist
in this region. Further, there exist a finite number of real eigenval-
ues of A in the other half planeRðkÞ < ðvRÞ. Since then many work-
ers have studied the spectrum of general transport operator
including anisotropic scattering, energy dependence and in sys-
tems of different shapes. Thus e.g. Mika (1967) found that for
energy dependent transport equation with isotropic scattering in
slab geometry, there may not exist any discrete eigenvalues. All
these results are summarised by Larsen and Zweifel (1974) and
in the book by Kaper et al. (1982). We merely quote the results
of Jörgens (1958) that for general energy dependent transport
operator in a bounded system of any shape, there is no continuous
spectrum if the particle speed v is bounded away from 0. If v ! 0
then there is a continuous spectrum in the region RðkÞ P ðvRÞmin.
Nelkin (1963) explained that the ‘‘unusual features” of Lehner and
Wing (1955) spectrum are due to (i) occurrence of paths of infinite

length in the system or (ii) the presence of particles of v ! 0 that
take infinite time to cross the boundary. It is not very clear if he
was referring to the occurrence of continuous spectrum, though
we will call it Nelkin’s conjecture hereafter.

In all these studies only vacuum boundary conditions were con-
sidered. There are few studies on other boundary conditions.
Belleni-Morante (1970) considered one speed transport equation
with isotropic scattering in slab geometry with periodic boundary
conditions. They concluded a spectrum similar to the results of
Lehner and Wing (1955). Angelescu and Protopopescu (1977) used
Fourier transform method and concluded that the continuous
spectrum consists only of the line RðkÞ ¼ vR. Finally Sahni et al.
(1995) considered the case of partially reflecting boundary
conditions, reflection coefficients being R1 and R2 (both < 1) at
the left and right surfaces respectively. They found the
continuous spectrum consists of an infinite set of lines, all of
finite length, with their projection on RðkÞ axis extending over
ðvR;vR� v

4a lnðR1R2Þ, where a is the half-thickness of the slab.

The slopes of these lines is given by the equation IðkÞ
RðkÞ�vR ¼ 2pk

� lnðR1R2Þ
where k ¼ �1; . . . ;�2;�1;0;1;2; . . .1.

In this paper we focus our attention only on the continuous
spectrum of transport operator in slab geometry. We consider four
(i) vacuum, (ii) partially reflective, (iii) periodic and (iv) isotropic
return (similar to white) boundary conditions However, our main
focus will be on isotropic return boundary conditions as other
three conditions have been studied previously. We record their
results to highlight remarkably different spectra for these cases,
to show one uniform treatment for all four conditions and briefly
mention some other small additions in their treatment. We first
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observe that in all previous publications the continuous spectrum
was due to the part of the transport operator representing stream-
ing and removal from the beam processes. The inscattering part of
the operator hardly played any role. This fact has not been stated
explicitly but is important as it allows great simplification in the
mathematical treatment. We therefore drop the inscattering term
and show that continuous spectrum is same as obtained earlier
for three boundary conditions. We also note that this reduces the
problem to essentially a one-speed problem, with particle energy
occurring only as a parameter. Thus, although we study one-
speed transport equation, we can infer the structure of continuous
spectrum of energy dependent problem through the variation of
vRðEÞ, where v is the particle speed and RðEÞ the total macroscopic
cross section of the medium.

We also want to examine Nelkin’s conjecture and its modifica-
tions, if any. To this effect we consider two models. The model A is
the usual transport operator with position co-ordinate x 2 ½�a; a�
and the direction cosine l of particle direction of motion (with
x� axis) given by l 2 ½�1;1�. The model B considers the same
problem in the domain x 2 ½�a; a� and l 2 ½�1;�m� [ ½m;1�, where
m > 0 is a small arbitrary number. In the next section we introduce
the problem.We then study three parts of complex k plane, namely
(a) RðkÞ < vR , (b) RðkÞ ¼ vR and (c) RðkÞ > vR separately in Sec-
tions 3–5. We then discuss these spectra and state our conclusions
in the final section.

2. Statement of the problem

Consider the one-speed, time-dependent, general transport
equation in a homogeneous slab, which is infinite along y; z direc-
tions. Thus we have
1
v
@Wðx;l; tÞ

@t
þ l @Wðx;l; tÞ

@x
þ RWðx;l; tÞ

¼
Z 1

�1
Rsðl0 ! lÞWðx;l0; tÞdl0 þ Qðx;l; tÞ ð2:1Þ

HereWðx;l; tÞ ¼ vNðx;l; tÞ is the angular flux (N is the number den-
sity) of the particles at the position x moving in directions with
direction cosine l at time t. The macroscopic total cross section R
depends on the particle energy and the macroscopic scattering
cross section Rsðl0 ! lÞ is a function of the indicated variables.
Qðx;l; tÞ is the independent source term. Assuming a time variation
of the form

Wðx;l; tÞ ¼ e�ktwðx;lÞ; Qðx;l; tÞ ¼ e�ktqðx;lÞ ð2:2Þ
we get the time-independent form, namely

l @wðx;lÞ
@x

þ R� k
v

� �
wðx;lÞ ¼

Z 1

�1
Rsðl0 ! lÞwðx;l0Þdl0 þ qðx;lÞ

ð2:3Þ
We seek a solution of Eq. (2.3), w 2 L1, the Banach space of abso-

lutely summable functions i.e. kwðx;lÞk ¼ R a
�a dx

R 1
�1 dl

R jwðx;lÞj is
bounded (< 1), for an arbitrary source q 2 L1, with kqðx;lÞk > 0.
We note that the choice of function space L1 or the Hilbert space

H (where jwðx;lÞj2 is summable over �a 6 x 6 a;�1 6 l 6 1) is
arbitrary to some extent. It is introduced for mathematical conve-
nience. Physically, the solution wðx;lÞ of a transport problem for
any given source qðx;lÞ should be such that physical quantities
like particle flux

R
Dl dl

R
Dx wðx;lÞdx over any Dl;Dx should exist.

The boundary conditions on w can be any one of the four
conditions.

(i) Vacuum boundary conditions

wð�a;lÞ ¼ wða;�lÞ ¼ 0; 0 < l 6 1 ð2:4aÞ

(ii) Specularly Reflective boundary conditions (reflection
coefficients R1;R2 6 1)

wð�a;lÞ ¼ R1wð�a;�lÞ; wða;�lÞ ¼ R2wða;lÞ; 0 < l 6 1

ð2:4bÞ
(iii) Periodic boundary conditions

wða;lÞ ¼ wð�a;lÞ; wð�a;�lÞ ¼ wða;�lÞ; 0 < l 6 1

ð2:4cÞ
(iv) Isotropic Return boundary conditions (0 < l 6 1)

wð�a;lÞ ¼ 2R1

Z 1

0
lwð�a;�lÞdl ¼ a;

wða;�lÞ ¼ 2R2

Z 1

0
wða;lÞdl ¼ c; ð2:4dÞ

where the incoming angular distributions wð�a;lÞ and wða;�lÞ are
independent of l, given by two parameters a; c. The conditions, Eq.
(2.4d) imply that total partial incurrents are a fraction of the total
partial outcurrents given by the reflection coefficients R1;R2 6 1.

All those complex values of k=v for which a unique solution w,
of Eq. (2.3), exists for every source distribution q, form the Resol-
vent Set of the transport operator

l @

@x
þ R�

Z 1

�1
Rsðl0 ! lÞdl0 ¼ T� J ð2:5Þ

The values of k=v that are not in the Resolvent Set form the
spectrum of the transport operator, Eq. (2.5), subject to the given
(one of the four) boundary conditions (2.4a), (2.4b), (2.4c) or
(2.4d). It is quite common to split this operator in two parts,

T ¼ l @
@x þ R and the inscattering operator J ¼ R 1

�1 Rsðl0 ! lÞdl0.
As mentioned in the Introduction, this paper deals only with the

continuous spectrum of the transport operator, Eq. (2.5).Our
emphasis is on the effect of boundary conditions on this part of
the spectrum. A closer examination of earlier papers, Lehner and
Wing (1955),Larsen and Zweifel (1974) and Sahni et al. (1995)
shows that the continuous spectrum is entirely due to the operator
T, which acts on both the position variable x and the direction vari-
able l. The Inscattering operator J involves only the direction vari-
ables l;l0 and is generally a compact operator for these variables.
A well known result of functional analysis states that such opera-
tors can have only eigenvalues with k ¼ 0 as the only point of accu-
mulation. Indeed for isotropic scattering, Rsðl0 ! lÞ ¼ Rs

2 , there are
just two eigenvalues namely Rs, with unity as the corresponding
eigenvector (or more generally an arbitrary function of x, indepen-
dent of l) and k ¼ 0 with all higher order Legendre Polynomials as
eigenfunctions. There is no continuous spectrum. In all the earlier
studies, continuous spectrum is obtained by constructing a set of
functions wdðx;lÞ with kwdk always finite while
kðT� k=vIÞwdk ! 0 as d ! 0 (here I is the identity operator) i.e.
the continuous spectrum is generated by the operator T only.
One then verifies that kJwdk ! 0 with d ! 0, thus confirming that
the operator T� J has the same continuous spectrum. Since in this
paper we are primarily interested in studying only the continuous
spectrum for different boundary conditions, we ignore the Inscat-
tering operator J and henceforth consider the equation

l @wðx;lÞ
@x

þ ðR� k=vÞwðx;lÞ ¼ qðx;lÞ ð2:6Þ

or its compact form

T� k
v

� �
½wðx;lÞ� ¼ qðx;lÞ ð2:6aÞ
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