
Time-domain viscoelastic constitutive model based on concurrent fitting
of frequency-domain characteristics

Tz-Cheng Chiu ⁎, Bo-Sheng Lee, Dong-Yi Huang, Yu-Ting Yang 1, Yi-Hsiu Tseng 1

Department of Mechanical Engineering, National Cheng Kung University, Tainan 701, Taiwan, ROC

a b s t r a c ta r t i c l e i n f o

Article history:
Received 10 May 2015
Received in revised form 30 June 2015
Accepted 9 July 2015
Available online 28 July 2015

Keywords:
Viscoelasticity
Storage modulus
Relaxation modulus
Interconversion
Poisson's ratio
Warpage

A numerical procedure for constructing themultiaxial viscoelasticmodel for polymeric packagingmaterial over a
wide range of temperature is presented. By using the proposed best-fitting procedure, experimentally measured
frequency-domain Young's and shear storagemoduli are used to calculate the time-domain bulk and shear relax-
ation moduli which describe the three-dimensional constitutive behavior of a viscoelastic solid. The numerical
procedure incorporates restrictions that ensure that the derived time-domain material function is physics com-
patible. The proposed procedure was applied to construct the viscoelastic constitutive models of epoxy molding
compounds (EMCs), and compared to results obtained by using approximate-formula based direct conversion
procedure. It was shown that, without using the proposed procedure, the directly calculated time-dependent
Poisson's ratio oscillates significantly in the rubbery regime and is physically inadmissible. To validate the consti-
tutive model constructed by using the proposed procedure, a numerical finite element model that incorporates
the viscoelastic constitutive model of the EMC was applied to simulate warpage of an overmolded package
under the solder reflow process and compared to experimental shadow Moiré measurements.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In organicmicroelectronic assemblies the viscoelastic nature of poly-
meric packaging materials plays an important role in the overall defor-
mations and stresses because the process temperatures are typically
around or higher than the glass transition temperatures (Tg) of the poly-
meric constituents [1]. Evaluations of the influences of these time-
dependent behaviors on the thermomechanical characteristics of the
assemblies can be performed by using numerical finite element proce-
dures. In these numericalmodels, viscoelastic behaviors of the polymer-
ic materials are described by using time-dependent material functions.
Within the context of linear viscoelasticity, any two of the relaxation
(or creep) functions corresponding to the uniaxial, shear, bulk and
Poisson's responses are sufficient to define the three-dimensional con-
stitutive behavior of the viscoelastic solid, and the remaining material
functions can be obtained from the two selected functions.

Experimental measurements of the viscoelastic behaviors are typi-
cally performed either under quasi-static relaxation (or creep) condi-
tions or under time harmonic oscillating conditions. Aside from the
standard quasi-static uniaxial or shear tests, tools such as dynamic me-
chanical analysis (DMA) instrument under cyclic tensile or bending
conditions [2], rheometer under cyclic torsion condition [3], and high
pressure dilatometer under compressive creep condition [4] are often
used for the viscoelasticity characterization. Among the various tools

used for measuring viscoelastic properties, the DMA instrument and
rheometer are the most widely adopted because the test durations re-
quired in these time harmonic oscillating setups are much shorter
than those required in the quasi-static creep or relaxation tests. The vis-
coelastic material functions obtained from these oscillation tests are
typically in the forms of Young's/shear storage and loss moduli as func-
tions of oscillating frequency and temperature. However, in most nu-
merical finite element procedures used for mechanical simulations,
the viscoelastic formulations are based on the shear and bulk relaxation
functions. As a consequence, additional post-processes are required to
convert the Young's and shear storage moduli in the frequency domain
to the storage and shear relaxation moduli in the time domain. The
post-process would involve converting the frequency-domain visco-
elastic functions to the corresponding time-domain functions, and cal-
culating the viscoelastic bulk relaxation modulus from the uniaxial
and shear responses. The viscoelastic Poisson's ratio, while is not re-
quired for the finite element simulation, should also be calculated in
the post-process to assess the accuracy of the multiaxial viscoelastic
constitutive behavior described by the corresponding bulk and shear re-
laxation moduli.

Interconversions of the linear viscoelastic material functions be-
tween their values in the frequency and time domains can be achieved
by using approximate analytical formulas [5,6] or numerical proce-
dures [7,8]. In general these procedures were shown to give relatively
good estimations. On the other hand, the calculation of the bulk and
the Poisson's ratio functions are more complicated. It was highlighted
by Tschoegl et al. [9] that the smallest specimen-to-specimen property
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variation and differences in the environment variables would result in
significant variation or even physically contradicting Poisson's ratio
values, and it is required to measure the two independent viscoelastic
functions simultaneously on the same specimen in a single experiment
to minimize this issue. While the protocol of simultaneously measuring
two material functions are essential for the accuracy of the viscoelastic
Poisson's ratio, it is very difficult to accomplish in practice, and the re-
ported data are scarce [9]. As an alternative to this rigorous experimen-
tal protocol, a numerical best-fitting procedure with restriction on
Poisson's ratio's acceptability is proposed to post-process the separately
measured frequency-domain Young's and shear storage moduli for
determining a set of time-domain bulk and shear relaxation moduli
that would meet the requirements for physically admissible multiaxial
viscoelastic constitutive model.

In this paper multiaxial viscoelastic constitutive models obtain-
ed by using the proposed moduli interconversion procedure are
presented for EMCs of two different filler percentages. Experimen-
tal characterizations for the frequency dependent Young's and
shear storage moduli under various temperatures were first per-
formed by using a DMA instrument and a rheometer, respectively.
Mastercurves of the experimental Young's and shear storage mod-
uli were constructed based on the time-temperature-superposition
principle. A numerical program based on the proposed viscoelastic
function interconversion procedure was then applied to convert
the Young's and shear storage moduli to the corresponding time-
domain viscoelastic material functions. The mathematical models
of the bulk and shear relaxation moduli in the forms of Prony series
were implemented in finite element models for simulating the
warpage of electronic package under surface mount solder reflow
condition, and compared to shadow Moiré experimental measure-
ments to evaluate the accuracy of the viscoelastic model.

2. Multiaxial viscoelastic model

The multiaxial constitutive behavior of an isotropic linear-
viscoelastic material can be expressed in a convolution integral form
given by

σ i j tð Þ ¼ δi j
Z t

0−
κ t−τð Þdεkk τð Þ

dτ
dτ þ

Z t

0−
2μ t−τð Þdei j τð Þ

dτ
dτ; i; j ¼ 1;2;3;

ð1Þ

where σij is the stress, εkk is the sum of normal strains (εkk =
ε11 + ε22 + ε33), eij is the deviatoric strain, δij is the Kronecker
delta, and κ and μ are the bulk and shear relaxation moduli, respec-
tively. Under uniaxial loading condition, the multiaxial constitutive
Eq. (1) reduces to

σ11 tð Þ ¼
Z t

0−
E t−τð Þdε11 τð Þ

dτ
dτ; ð2Þ

where E is the Young's relaxation modulus. When the viscoelastic
material is subjected to uniaxial time harmonic strain excitation
such as in the DMA, the steady-state stress response can be written
as

σ11 tð Þ ¼ E0 ωð Þ þ iE″ ωð Þ� �
ε0eiωt ; ð3Þ

where ε0eiωt denotes the strain excitation, E′(ω) and E″(ω) are the
Young's storage and loss moduli, respectively, and are given by

E0 ωð Þ ¼ E∞ þω
Z ∞

0
E tð Þ−E∞½ � sin ωtð Þdt; ð4Þ

E″ ωð Þ ¼ ω
Z ∞

0
E tð Þ−E∞½ � cos ωtð Þdt; ð5Þ

where E∞ is the value of E as t→ ∞. The inverse relationship of (4) can
be expressed as [10]

E tð Þ ¼ 2
π

Z ∞

0
E0 ωð Þ sinωt

ω
dω: ð6Þ

For the case of shear loading such as the time-harmonic shear strain
excitation used in torsional DMA, the shear stress-shear strain and the
related time-frequency domain moduli relationships can be obtained
by replacing the normal stress, normal strain, and Young's modulus
terms in Eqs. (2)–(6) with the shear stress, shear strain, and shearmod-
ulus terms, respectively. The relationship between shear relaxation and
storage moduli can be therefore expressed as

μ tð Þ ¼ 2
π

Z ∞

0
μ 0 ωð Þ sinωt

ω
dω: ð7Þ

2.1. Direct interconversion

Because the viscoelastic stress–strain relationships such as
Eqs. (1) and (2) are in the forms of convolution integrals, relationships
between the material functions cannot be expressed in simple equa-
tions. Interconversions of these materials functions including Young's
relaxation modulus, viscoelastic Poisson's ratio, bulk relaxation modu-
lus and shear relaxation modulus are typically conducted in the Laplace
transform domain, in which the relationships between the material
functions are in the forms of algebraic equations. Consequently, a
straight-forward approach for determining the time-domain bulk relax-
ation modulus and viscoelastic Poisson's ratio from the frequency-
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Fig. 1. Young's storage modulus of Compound A.
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Fig. 2. Young's storage modulus of Compound B.
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