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We investigate the dynamics of magnetic vortices in type Il superconductors with normal state pinning
sites using the Ginzburg-Landau equations. Simulation results demonstrate hopping of vortices between
pinning sites, influenced by external magnetic fields and external currents. The system is highly nonlinear
and the vortices show complex nonlinear dynamical behaviour.
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1. Introduction

The dynamics of magnetic vortices in type Il superconductors
at temperatures close to the critical temperature can be modelled
by the time dependent Ginzburg-Landau equations. The theory is
based on a Schrodinger type equation with a potential containing
a quadratic term and a quartic term in addition to a kinetic term
involving the momentum operator coupled to a magnetic field gov-
erned by the Maxwell equations [1-3]. For type-II superconductors
the Ginzburg-Landau equations model the magnetic field penetra-
tion through quantized current vortices as the externally applied
magnetic field exceeds a threshold value. A number of variants of
the Ginzburg-Landau equations have been used to investigate pat-
tern formation in different nonlinear media, not only in supercon-
ductivity, and hence have become a popular field of study in non-
linear science [4,5]. Our aim here is to investigate the dynamics of
vortices in the presence of normal state pinning sites in the super-
conductor [3,6]. Such pinning sites can arise from atomic impuri-
ties, magnetic impurities, lattice defects and defects in general. The
Gibbs energy of the superconductor is given by a 4th order poten-
tial in the order parameter. The sign of the coefficient to 2nd order

* Corresponding author.
E-mail address: mpso@dtu.dk (M.P. Sgrensen).
URL: http://www.compute.dtu.dk (M.P. Serensen)

http://dx.doi.org/10.1016/j.physc.2016.08.001
0921-4534/© 2016 Elsevier B.V. All rights reserved.

term determines the phase transition between the normal and the
superconducting state and hence this coefficient can be used to fix
the positions of inserted pinning sites. Secondly, we shall present
a model for the action of the self induced magnetic field on vortex
generation, when a net current is flowing through a superconduc-
tor enforced by metal leads at the ends of a superconducting strip.

2. The time dependent Ginzburg-Landau model

The superconducting state is described by the order parame-
ter Y (r, t), where r is the position in the superconducting volume
denoted Q cR3 and ¢ is time. In the framework of the Ginzburg-
Landau theory the Gibbs energy of the superconducting state G; is
given by

Go=Go— o) (1= 1 )W+ Gyl M)

Here G, is the Gibbs energy of the normal state, T is the abso-
lute temperature and T. is the critical temperature. The parameter
B is a constant and «(r) we choose such that it depends on the
space variable r in order to model pinning sites depleting the su-
perconducting state at specific positions. For T < T¢ positive values
of ¢y correspond to the superconducting state and negative values
model a pinning site at which the superconducting state becomes
normal.
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The order parameter is influenced by the magnetic field B(r, t)
given by the magnetic potential through the relation B =V x A.
The Ginzburg-Landau parameter « is introduced as the ratio be-
tween the magnetic field penetration length A and the coherence
length &, i.e. k = A/&. We shall investigate the dynamics of flux
vortices penetrating the superconductor in the presence of pinning
sites, whose positions are given by a function f(r) taking the value
one in the superconducting regions and the value —1 at the posi-
tion of a pinning site. After scaling to normalized coordinates and
using the zero electric potential gauge the Ginzburg-Landau equa-
tions for the order parameter in nondimensional form reads [7]

oY i ? 2
e = VHA) Y FOY - YRy (2)
a%’?:ﬁ(l/f*vdf*l/fvw*)*|W|2A*VXVXA' (3)

In order to make the Ginzburg-Landau equations dimension-
less, we have scaled the space coordinates by the magnetic field
penetration depth A and time is scaled by £2/D, where D is a dif-
fusion coefficient [8]. The magnetic field A is scaled by the factor
h/(2e&), where e is the electron charge. The wave function ¥ is
scaled by \/ap/B. The term in o is the conductivity of the normal
current of unpaired electrons. It is scaled by the factor 1/(;1oDx?),
where u( is the magnetic permeability of the free space. The nor-
mal current J, and the super current Js read

= 0o and Jo= VY- YVY) - WPA @
with the total current being J = J, +Js. The coefficient f{(r) of ¥ in
Eq. (2) defines the positions of the pinning sites by changing sign
from +1 to —1 and through scaling f is related to «q in Eq. (1). In
solving numerically Eqs. (2) and (3) we need to specify appropriate
boundary conditions. We seek to satisfy the following three bound-
ary conditions on the boundary of the superconducting region 92

VxA=B;, VY . n=0 and A-n=0. (5)

The first condition tells that the magnetic field at the surface
of the superconductor equals the applied external field B,. The
condition Vi - n = 0 corresponds to no super current crossing the
boundary. Differentiating the boundary condition A - n = 0 with re-
spect to time shows that this condition prevents normal conduct-
ing current to pass the boundary.

The Ginzburg-Landau Eqs. (2) and (3) have been solved using
the finite element software package COMSOL Multiphysics [9,10].
In order to model pinning sites we have introduced the function
f(r) with real values between —1 and +1, where —1 corresponds to
a normal state pinning site and +1 corresponds to regions of the
superconducting state. We have chosen f to take the phenomeno-
logical form

f(r) =T, fi(r) where fi(r) = tanh((|r — ro| — Ri)/wi). (6)

The function f attains the values —1 around N pinning sites po-
sitioned at rg, for k=1,2,...,N. In the following we shall con-
sider a two dimensional superconductor where r = (x,y) and rgy, =
(Xok> Yor)- This means that the pinning sites are circular with ra-
dius R, and the transition from the superconducting state to the
normal state happens within an annulus of width wy. Assuming
a two dimensional superconductor means we strictly study an in-
finite prism, where the currents are flowing in parallel with the
xy-plane and the magnetic field is perpendicular to the xy-plane.
However, the approach is valid for sufficiently thick finite size su-
perconductors, where the geometric edge effects are negligible. If
the thickness is denoted by t then t > >A.

Other choices for modelling pinning sites are available in the
literature. In particular we mention the local reduction of the mean

free electron path at pinning centres included in the Ginzburg-
Landau model by Ge et al. [11]. Here the mean free path enters as
a factor on the momentum term in Eq. (2). This approach is more
based on first principles in the physical description than ours. The
above modelling strategy may also be used to investigate suppres-
sion of the order parameter. In particular we mention the experi-
mental work by Haag et al. [6], where regular arrays of point de-
fects have been inserted into a superconductor by irradiation with
He™ ions. These defects acts as pinning sites.

Numerical simulations. In Fig. 1 we show snapshots of |y|?
from one simulation of the time dependent Ginzburg-Landau
Egs. (2) and (3) subject to the boundary conditions (5) from time
t = 0 until t = 750. We have chosen the initial conditions v (r, 0) =
(1+1i)/+/2 and A = (0, 0). The external magnetic field B, is turned
on at time t = 0. This leads to a discontinuous mismatch between
the initial vanishing magnetic field within the superconductor and
the external applied magnetic field. The algorithm can handle this
without problems. Alternatively one could turn on the external
magnetic field gradually giving a more smooth transition.

In the region of interest we have inserted 4 pinning sites de-
noted d1, d2, d3 and d4 at the respective positions rg; = (-1, =3),
ro; = (0, -2), rg3 = (1, -1) and rg4 = (2, 0). The pinning sites are
modelled by f in Eq. (6) using R, =0.2 and w;, =0.05 for k=
1,2, 3,4. The external applied magnetic field B; = 0.73 is chosen
slightly smaller than the critical magnetic field for a superconduc-
tor with no pinning sites. This value leads to very complex dynam-
ics of fluxons entering the superconductor resulting from mutual
interactions and interactions with the pinning sites as illustrated
in Fig. 1. At time t = 12 we observe a fluxon, f1, entering the su-
perconductor, hopping from d1 to d2 influenced by repulsive forces
from the boundary and attractive forces from the pinning sites. At
time t =72 a second fluxon, f2, has entered the superconductor
and are attached to the pinning site d1 and eventually pushing the
first fluxon f1 onto d3. As time progress the fluxon f2 deattaches
d1 and moves into the superconductor and at the same time a
third fluxon, f3, enters the superconductor at the right hand side
moving toward d4, where it becomes trapped. A fourth fluxon, f4,
enters at the bottom boundary close to d1 and propagates into the
superconductor and away from the pinning sites. Finally, a fifth
fluxon, f5, enters close to d1 and hops from d1 to d2, where it
finally gets trapped. At t = 750 we have obtained a stationary state
with two fluxons in the bulk superconductor and three fluxons
trapped on the pinning sites d2, d3 and d4. No fluxon is attached
to d1. In short the simulation results in Fig. 1 illustrate the intricate
nonlinear dynamical behaviour of fluxons hopping from pinning
site to pinning site and at the same time experience mutual re-
pulsive forces and repulsive forces from the boundaries, controlled
by the external applied magnetic field.

3. Current carrying superconducting strips

In this section we study superconducting strips carrying cur-
rents along the strip. The current is injected through metal con-
tacts at two opposite boundaries of the superconductor, that is at
x = —Ly and x = Ly, respectively, where Ly is the length of the su-
perconductor in the x-axis direction. At the side boundaries the su-
perconducting current and the normal current are parallel to the
superconductor surface and therefore we use here the boundary
conditions [1,12].

VXA:BezBa+BC, Vl[/~l'l=0 and A-n=0. (7)

In the above equations B, is the total external magnetic field
composed of the sum of the applied magnetic field B, and the
magnetic field B, induced from the total current J =Js +J, in the
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