
The right choice of moment for anisotropic fluid dynamics

H. Niemi, E. Molnár, D. H. Rischke
Institut für Theoretische Physik, Johann Wolfgang Goethe-Universität, Max-von-Laue-Str. 1, D-60438 Frankfurt am Main, Germany

Abstract

We study anisotropic fluid dynamics derived from the Boltzmann equation based on a particular choice for the anisotropic
distribution function within a boost-invariant expansion of the fluid in one spatial dimension. In order to close the con-
servation equations we need to choose an additional moment of the Boltzmann equation. We discuss the influence of
this choice of closure on the time evolution of fluid-dynamical variables and search for the best agreement to the solution
of the Boltzmann equation in the relaxation-time approximation.

1. Introduction

The basic axioms of fluid dynamics are the conservation laws of particle number and energy-momentum,

∂μNμ = 0, ∂μT μν = 0, (1)

where Nμ is the particle four-current and T μν is the energy-momentum tensor. These are decomposed with
respect to the normalized fluid four-velocity uμ and the projection orthogonal to it Δμν = gμν − uμuν, where
gμν = diag(1,−1,−1,−1) is the metric of space-time, as

Nμ = n0uμ + Vμ, T μν = e0uμuν − (P0 + Π)Δμν + 2W (μuν) + πμν, (2)

where 2a(μbν) ≡ aμbν + aνbμ. From these decompositions one can identify the following 14 quantities:
The particle density n0 = Nμuμ, energy density e0 = T μνuμuν, and total pressure P0 + Π = − 1

3 T μνΔμν,
being the sum of P0(n0, e0) and the bulk viscous pressure Π. Furthermore, the particle diffusion current
Vμ = ΔμαNα, the energy diffusion current Wμ = ΔμαTαβuβ, and the shear-stress tensor πμν = ΔμναβT

αβ, where

Δ
μν
αβ =

1
2

(
Δ
μ
αΔ
ν
β + Δ

μ
βΔ
ν
α

)
− 1

3Δ
μνΔαβ.

A sufficiently simple microscopic theory, where different assumptions for the derivation of the fluid-
dynamical equations can be explicitly carried out and tested, is provided by the Boltzmann equation [1, 2]

kμ∂μ fk = C
[
fk
]
, (3)

where fk = f (x, k) is the single-particle distribution function, kμ is the four-momentum of particles, and
C
[
fk
]

is the collision integral. A conventional way to derive fluid dynamics is to assume that the system
is sufficiently close to local thermal equilibrium, characterized by a single-particle distribution function
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f0k(α0, β0), so that one can write fk = f0k + δ fk, with |δ fk| � fk, and then express δ fk in terms of only a few
additional macroscopic quantities, e.g., as in Eq. (2).

The inverse temperature β0 = 1/T and chemical potential over temperature α0 = μ/T , which appear as
parameters in f0k, are usually defined through the so-called Landau matching conditions, i.e., by requiring
that the particle density n ≡ Nμuμ and energy density e ≡ T μνuμuν in the frame where the 4-velocity
uμ = (1, 0, 0, 0) are identical to those of the local equilibrium state, n = n0(α0, β0) and e = e0(α0, β0). The
Boltzmann equation can then be used to write down the equations of motion for the dissipative quantities
appearing in Eq. (2). For details of the expansion and the derivation see e.g., Refs. [1, 2, 3].

Anisotropic fluid dynamics is based on a similar idea, but now the expansion is performed around a more
general anisotropic distribution function f̂0k(α0, β0, ξ), as fk = f̂0k + δ f̂k, instead of an isotropic equilibrium
state. Part of the possible deviations from the equilibrium distribution function f0k can then be embedded
into f̂0k [4, 6, 5, 7, 8]. If the momentum anisotropy is large, this can lead to a much faster convergence of
the expansion. The degree of anisotropy in f̂0k is controlled by the new parameter ξ, while the direction of
the anisotropy can be specified by a new spacelike 4-vector lμ orthogonal to the four-velocity, uμlμ = 0, and
normalized to lμlμ = −1. The additional parameter ξ needs to be determined by another matching condition
in addition to the usual Landau matching conditions.

Now, Nμ and T μν need to be decomposed with respect to both four-vectors uμ and lμ as well as the
two-space projector Ξμν ≡ gμν − uμuν + lμlν orthogonal to both four-vectors [9]. This reads as

Nμ = n uμ + nl lμ + Vμ⊥, (4)

T μν = e uμuν + 2 M u(μ l ν) + Pl lμlν − P⊥ Ξμν + 2 W (μ
⊥uu ν) + 2 W (μ

⊥l l
ν) + π

μν
⊥ , (5)

where compared to Eq. (2) the particle diffusion current Vμ splits into two parts: The diffusion into the
direction of lμ given by nl = −Nμlμ and the part of the diffusion orthogonal to lμ given by Vμ⊥ = Ξ

μ
αNα.

Similarly, the isotropic pressure splits into longitudinal and transverse parts P = 1
3 (Pl + 2P⊥), where Pl =

T μνlμlν and P⊥ = − 1
2 T μνΞμν, and thus the shear-stress tensor from the second equation (2) can be written as

πμν = π
μν
⊥ + 2 W (μ

⊥l l
ν) +

1
3

(Pl − P⊥) (2 lμlν + Ξμν) , (6)

where Wμ⊥l = −ΞμαTαβlβ and πμν⊥ = Ξ
μν
αβT

αβ, with Ξμναβ =
1
2
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Ξ
μ
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)
− 1

2Ξ
μνΞαβ. Similarly to conven-

tional fluid dynamics, the equations of motion for the anisotropic dissipative quantities can be also obtained
from the Boltzmann equation, see e.g. Ref. [10].

2. Boost-invariant expansion

As a simple example to illustrate the importance of choosing the right matching, we utilize the anisotropic
distribution function introduced by Romatschke and Strickland (RS) [11],

f̂0k ≡ f̂RS =

[
exp
(
β0

√
E2

ku + ξE
2
kl − α0

)
+ a
]−1
, (7)

where Eku ≡ uμkμ and Ekl ≡ −lμkμ. Note that when ξ = 0, this reduces to an equilibrium distribution func-
tion. We then solve anisotropic fluid dynamics in a simple 0+1 dimensional boost-invariant geometry, and
compare the solution to the exact solution of the Boltzmann equation in the relaxation-time approximation
(RTA) [12]. A general moment of the distribution function (7) can be written as

ÎRS
nrq =

(−1)q

(2q)!!

∫
dK En−r−2q

ku Er
kl

(
Ξμνkμkν

)q
f̂RS , (8)

hence for example n̂ = ÎRS
100, ê = ÎRS

200, and P̂l = ÎRS
220, etc. Now, imposing the Landau matching conditions

n̂(αRS , βRS , ξ) = n0(α0, β0) and ê(αRS , βRS , ξ) = e0(α0, β0) we determine two parameters of the anisotropic
distribution in terms of a fictitious equilibrium state.
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