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We argue that a cosmic neutrino background that carries non-zero lepton charge develops gravitational
instabilities. Fundamentally, these instabilities are related to the mixed gravity-lepton number anomaly.
We have explicitly computed the gravitational Chern-Simons term which is generated quantum-
mechanically in the effective action in the presence of a lepton number asymmetric neutrino background.
The induced Chern-Simons term has a twofold effect: (i) gravitational waves propagating in such

a neutrino background exhibit birefringent behaviour leading to an enhancement/suppression of the
gravitational wave amplitudes depending on the polarisation, where the magnitude of this effect is
related to the size of the lepton asymmetry; (ii) Negative energy graviton modes are induced in the
high frequency regime, which leads to very fast vacuum decay producing, e.g., positive energy photons
and negative energy gravitons. From the constraint on the present radiation energy density, we obtain an
interesting bound on the lepton asymmetry of the universe.

© 2017 Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Along with the Cosmic Microwave Background radiation (CMB),
the existence of the Cosmic Neutrino Background (CvB) is an in-
escapable prediction of the standard hot big bang cosmology (see
e.g. [1] for a review). It is assumed to be a highly homogeneous
and isotropic distribution of relic neutrinos with the temperature:

1

4\ 3

T,=(—) T,~1945K, (1)
11

where T, =2.725 K is the temperature of the CMB today. Un-

like the CMB though, the CvB is extremely hard to detect and its

properties are largely unknown. Namely, the CvB may exhibit a

neutrino-antineutrino asymmetry

= 2 3
_ My =My _ T S_a
Mg = n, = 12003 (éoz + 7T2> ) (2)

for each neutrino flavour ¢ = e, w, t. Here & = uq/T is
the degeneracy parameter, 4, being the chemical potential for
a-neutrinos. In fact, such an asymmetry is generically expected
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to be of the order of the observed baryon-antibaryon asymmetry,
ng = (ng —iig)/ny, ~ 10719, due to the equilibration by sphalerons
of lepton and baryon asymmetries in the very early universe. How-
ever, there are also models [2,3] which predict an asymmetry
in the neutrino sector that are many orders of magnitude larger
than ng. If so, this would have interesting cosmological implica-
tions for the QCD phase transition [4] and/or large-scale magnetic
fields [5].

The most stringent bound on the neutrino asymmetry comes
from the successful theory of big bang nucleosynthesis (BBN). BBN
primarily constrains the electron neutrino asymmetry. However,
this bound applies to all flavours, since neutrino oscillations below
~10 MeV are sizeable enough to lead to an approximate flavour
equilibrium before BBN, fte & Wy & {7 (= fv) [6-8].] The updated
analysis presented in [9] leads to the following bound on the com-
mon degeneracy parameter:

501 < 0.049 3)

In this paper, we argue that the lepton asymmetry in the ac-
tive neutrino sector leads to gravitational instabilities. These insta-
bilities originate from the gravity-lepton number chiral quantum

1 See, however, a recent analysis in [10], where a larger Nv,.v, asymmetry is
found to be allowed.
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Fig. 1. Parity violating contribution to the fermion propagator.

anomaly, which is present in the Standard Model when consider-
ing Majorana neutrinos. Indeed, in the case of Majorana neutrinos,
a non-zero lepton asymmetry for active neutrinos implies an im-
balance between neutrinos of left-handed chirality and antineutri-
nos of right-handed chirality which, as we demonstrate explicitly
below, leads to the inducement of the gravitational Chern-Simons
term in the effective action. This is analogous to the inducement
of Chern-Simons terms in gauge theories [11].

The induced Chern-Simons term causes birefringence of grav-
itational waves propagating in the lepton asymmetric neutrino
background, which can be sizeable for gravitational waves gen-
erated at very early times. More importantly, short-scale gravita-
tional fluctuations exhibit negative energy modes, which lead to a
rapid decay of the vacuum state, e.g., into negative energy graviton
and photons. Since the graviton energy is not bounded from below,
the phase space for this process is formally infinite, that is, the
instability is expected to develop very rapidly. Conservatively, we
introduce a comoving cut-off A and compute the spectrum of pro-
duced photons as a function of neutrino chemical potential. From
the constraint on the radiation energy density today, we then ob-
tain an interesting bound on the neutrino degeneracy parameter:

T 43 g\ 1773
<2104 (@ Mp , 4
RS (1015 GeV A “)

provided that the lepton asymmetry has been generated above
Ty > %,/MP/A GeV (here Mp ~2.4-10'® GeV is the reduced
Planck mass), where Tq is the temperature at which the asymme-
try is generated.

This paper is organised as follows; in Section 2 we describe
the calculation of the graviton polarisation tensor in the presence
of a lepton asymmetric CvB, and consider the associated effective
action. Section 3 illustrates the birefringent behaviour of gravita-
tional waves in such a background, while in Section 4 we derive
constraints on the CvB lepton asymmetry through the induced
gravitational instabilities, before concluding in Section 5.

2. Graviton polarisation tensor in the lepton asymmetric CvB

We calculate the inducement of the Chern-Simons like terms in
the effective graviton Lagrangian through the 1-loop graviton po-
larization diagram depicted in Fig. 1, influenced by a lepton asym-
metric neutrino background. The lepton asymmetry is enforced in
the Lagrangian through a chiral chemical potential £, = Dy v =
My Dyoy>v, for which we have considered the frame in which the
CvB is at rest (b = wy)o). The neutrino propagator is altered as

follows:
B i = s
S(p)_p—m—IéVS ; m,%( iby p—m m)
=So(p) + Y_ Sn(p) . (5)
n=1

where So(p) is the usual fermion propagator in vacuum. The above
modified neutrino propagator to first-order in w, is given by
S(p) =~ So(p) — z,uvp mygy F=m . The higher order terms in by,
or u, are neglected because we are only interested in the linear
terms in b, which will result in a Chern-Simons like term. Tak-
ing this, and using the standard Feynman rules, we find that the
parity odd part of the full graviton polarization tensor is:

d4
Myvpo = _/ 2n) 2p+k)w(2p +Kk)o

X [Tr(yuso(p +k)y,51(p))

+Tr(ypSo(P)VuS1(p + k))]

tpeov)+(peoo)+(uov,p<0). (6)

To evaluate the divergent loop integral in (6) we employ the di-
mensional regularization method (d =4 — ¢, € — 0) and utilise the
relations given in Appendix A. We hence obtain:

1
47r2k2
Myvpe = k Eupao [ dx
0

k2
X |:8x2(1 —x)%(1 = 2x)? #r(l + kyky
+ (24x% — 44x +18)T (e — HM? 114
—16x*(1 = x)’T(©)k*nye
— (80x* — 192x® 4+ 156x> — 50x + 5)F(e)k,,k(,} (7)

+tUHeov)+(peoo)+(uev,peo), (8)

where M? = m? — x(1 — x)k? and the limit € — 0 has been as-
sumed. In simplifying this result we find a divergent quantity of
the following form:

di 1u
H;ul);)a = T 27_; k& Supaom Nvo
+tmeov)+(poo)+ ey, poo), 9)

where y is Euler’s constant. A straightforward inspection reveals
that this divergent term does not satisfy the gravitational Ward
identity, k" l'[;f,',pg # 0, and hence violates the gauge invariance of
the effective gravitational action. This has also been observed pre-
viously in a somewhat related calculation in Ref. [12]. The origin
of this violation is rooted in the method of dimensional regular-
ization, which violates Local Lorentz invariance explicitly through
the extrapolation to non-integer spacetime dimensions d =4 — €.
Therefore, following the standard lore, we introduce non-invariant
counter-terms to renormalise away this unphysical divergent term.
The polarisation tensor then takes the following simple form:

Myvpo = Mveu,ootoka lkvko — kznva]c(kz)
tueovt+t(peooa)+Uev,pe0), (10)
where
1 m?
C(k?) = —
€)= 15272 ~ T6m200)2

x | Vk2 — V/am2 — k2 tan™! i . (11)
4m? — k?
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