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We introduce a four-dimensional extension of the Poincaré algebra (N ) in (1 + 1)-dimensional space-
time and obtain a (1 + 1)-dimensional gauge symmetric gravity model using the algebra N . We show 
that the obtained gravity model is dual (canonically transformed) to the (1 + 1)-dimensional anti de 
Sitter (AdS) gravity. We also obtain some black hole and Friedmann–Robertson–Walker (FRW) solutions 
by solving its classical equations of motion. Then, we study A4,8

A1⊗A1
gauged Wess–Zumino–Witten (WZW) 

model and obtain some exact black hole and cosmological solutions in string theory. We show that 
some obtained black hole and cosmological metrics in string theory are same as the metrics obtained in 
solutions of our gauge symmetric gravity model.

© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

(1 + 1)-dimensional gravity has been extensively studied by 
proposing various models. Two of the gravitational theories of 
most interest are singled out by their simplicity and group the-
oretical properties. One of them is proposed by Jackiw [1] and 
Teitelboim [2] (Liouville gravity) which is equivalent to the gauge 
theory of gravity with (anti) de Sitter group [3–5]. The other one is 
the string-inspired gravity [6–8] which is equivalent to the gauge 
theory of the Poincaré group ISO(1, 1) [7] and its central extension 
[9–13].

Recently, two algebras namely the Maxwell algebra [14,15]
and the semi-simple extension of the Poincaré algebra [16] have 
been applied to construct some gauge invariant theories of grav-
ity in four [16–20] and three [21–23] dimensional space-times. 
These algebras have been also applied to string theory as an in-
ternal symmetry of the matter gauge fields [24]. The Maxwell 
algebra in (1 + 1)-dimensional space-time, is the well-known 
central extension of the Poincaré algebra which, as we dis-
cussed above, has been applied to construct a (1 + 1)-dimensional 
gauge symmetric gravity action [9,10]. In this paper, we intro-
duce a new four-dimensional extension of the Poincaré algebra 
(N ) in (1 + 1)-dimensional space-time, which is obtained from 
the 16-dimensional semi-simple extension of Poincaré algebra in 
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(3 + 1)-dimensional space-time [16], by reduction of the dimen-
sions of the space. Then, we construct a (1 + 1)-dimensional gauge 
symmetric gravity model, using this algebra. We obtain some black 
hole and cosmological solutions by solving its equations of mo-
tion.

On the other hand, in string theory, two-dimensional exact 
black hole has been found by Witten [6]. Another black hole so-
lution to the string theory has been presented in [25] both in 
Schwarzschild-like and target space conformal gauges. Exact three-
dimensional black string and black hole solutions in string theory 
have also been found in [26,27]. Here, we study the string theory 
in (1 + 1)-dimensional space-time, and show that some obtained 
black hole and cosmological solutions of the gravity model, are ex-
act solutions of the beta function equations (in all loops).

The outline of this paper is as follows: In section 2, we con-
struct a (1 + 1)-dimensional gauge symmetric gravity model us-
ing a four-dimensional gauge group related to the algebra N . 
Then, by presenting a canonical map, we show that the ob-
tained gravity model is dual (canonically transformed) to the 
(1 + 1)-dimensional AdS gravity model. In section 3, we solve the 
equations of motion and obtain some black hole and Friedmann–
Robertson–Walker (FRW) cosmological solutions. Finally, in sec-
tion 4, we study A4,8

A1⊗A1
gauged Wess–Zumino–Witten (WZW) 

model, and show that some of the resulting string backgrounds, 
which are exact (1 + 1)-dimensional solutions of the string theory, 
are the same as the black hole and cosmological solutions obtained 
for our gravity model. Section five, contains some concluding re-
marks.

http://dx.doi.org/10.1016/j.physletb.2017.08.068
0370-2693/© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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2. (1 + 1)-dimensional gravity from a non-semi-simple extension 
of the Poincaré gauge symmetric model

The Poincaré algebra Iso(1, 1) in (1 + 1)-dimensional space-
time has the following form:

[ J , Pa] = εab P b, [Pa, Pb] = 0, (1)

where ε01 = −ε01 = +1, and J and Pa (a = 0, 1) are generators of 
the rotation and translations in space-time, and the algebra indices 
a = 0, 1 can be raised and lowered by the (1 + 1)-dimensional 
Minkowski metric ηab (η00 = −1, η11 = 1) such that Pa = ηab P b . 
In D = 1 + 1, a four-dimensional non-semi-simple extension of the 
Poincaré algebra1 N = (Pa, J , Z) has the following form:

[ J , Pa] = εab P b, [Pa, Pb] = kεab Z , [Z , Pa] = −�

k
εab P b, (2)

where Z is the new generator and k and � are constants.2 For 
� = 0, which leads to [Z , Pa] = 0, the above algebra reduces to 
a solvable algebra which is called the centrally extended Poincaré 
algebra (or Maxwell algebra3 in 1 + 1 dimensions) [9–11]. We con-
struct the N -algebra valued one-form gauge field as follows:

hi = hi
B XB = ei

a Pa + ωi J + Ai Z , i, j = 0,1 (3)

where the indices i, j = 0, 1 are the space-time indices, and the 
one-form fields have the following forms:

ea = ei
adxi , ω = ωidxi , A = Aidxi,

where ei
a , ωi , Ai are the vierbein, spin connection and the new 

gauge field, respectively. Using the following infinitesimal gauge 
parameter:

u = ρa Pa + τ J + λ Z ,

and the gauge transformation as follows:

hi → h′
i = U−1hi U + U−1∂i U ,

with U = e−u � 1 − u and U−1 = eu � 1 + u, we obtain the 
following transformations of the gauge fields:

δe a
i = −∂iρ

a − εabeib (τ − �

k
λ) + εabρb (ωi − �

k
Ai) ,

δωi = −∂iτ , (4)

δAi = −∂iλ − k εabeia ρb.

The generic Ricci curvature can be obtained as follows:

R = Ri jdxi ∧ dx j = RA X A = Ri j
A X Adxi ∧ dx j,

Ri j = ∂[ih j] + [hi,h j] = Ri j
A X A = Tij

a Pa + Rij J + Fij Z , (5)

where the torsion Tij
a , standard Riemannian curvature Rij and the 

new gauge field strength Fij have the following forms:

Tij
a = ∂[i e j]a + εab(eib ω j − e jb ωi) − �

k
εab(eib A j − e jb Ai),

Rij = ∂[i ω j], (6)

Fij = ∂[i A j] + k εabeia e jb.

Now, one can write the gauge invariant action as [10]

1 This algebra is isomorphic to the four-dimensional Lie algebra A3,8 ⊕A1 [28].
2 Note that the commutation relation [ J , Z ] = 0 can be obtained from the Jacobi 

identity [ J , [Pa, Pb]] + cyclic terms = 0.
3 Centrally extended Poincaré algebra (or Maxwell algebra) in 1 + 1 dimensions 

is isomorphic to the four-dimensional Lie algebra A4,8 [28].

I = 1

2

∫
ηARA = 1

2

∫
d2x ε i j ηA Ri j

A (7)

= 1

2

∫
d2x ε i j (ηa Ti j

a + η2 Rij + η3 Fij), (8)

where ηA = (ηa, η2, η3) are the Lagrange multiplier-like fields. 
Now, using (6), one can rewrite this action in the following form:

I =
∫

d2x ε i j
{
ηa

(
∂ie j

a + εab eib (ω j − �

k
A j)

)
+ η2 ∂iω j

+ η3

(
∂i A j + 1

2
k εab eia e jb

)}
. (9)

This action is invariant under the gauge transformations (4) and 
the following transformations of the fields ηa , η2 and η3:

δηa = k εa
b η3 ρb − εa

b ηb(τ − �

k
λ),

δη2 = −εabηa ρb, (10)

δη3 = �

k
εabηa ρb.

Now, we will show that the model (9) is dual to the (1 + 1)-dimen-
sional AdS gravity. We know that SO(2, 1) gauge symmetric gravity 
action can be obtained by use of the following algebra (anti de 
Sitter algebra for k′ 	= 0):

[ J , Pa] = εab P b, [Pa, Pb] = k′εab J , (11)

as follows [10]:

Ĩ =
∫

d2x ε i j
{
η̃a

(
∂ie j

a + εab eib ω j

)
+ η̃2

(
∂iω j + 1

2
k′ εab eia e jb

)}
. (12)

An SO(2, 1) invariant action for two-dimensional gravity was first 
constructed in [3] where the aim was to reconstruct the proposed 
two-dimensional Einstein equation from a two-dimensional gauge 
theory of gravity. Although the notation adopted in [3] is differ-
ent from our notation,4 but it can be shown that the action con-
structed in [3] is equivalent to the (1 + 1)-dimensional AdS gravity 
model (12). Now, by selecting η3 = −�

k η2 in our model (9), it is 
dual (canonically transformed) to the AdS gravity (12); i.e. the fol-
lowing map:

ωi −→ ωi − �

k
Ai, ei

a −→ ei
a, η̃a −→ ηa,

η̃2 −→ η2, k′ = −�, (13)

transforms the AdS2 gravity model (12) to our model (9). In the 
following, we will show that this map is a canonical one. The 
canonical Poisson-brackets and the Hamiltonian related to the AdS2
gravity model (12) are as follows:

{(�̃e)i
a
(x) , e j

b(y)} = εi jη
abδ(x − y),

{(�̃ω)i(x) , ω j(y)} = εi jδ(x − y),

{(�̃η̃a )
a(x) , η̃b(y)} = ηabδ(x − y),

{(�̃η̃2)(x) , η̃2(y)} = δ(x − y),

4 The SO(2, 1) invariant action for two-dimensional gravity constructed in [3] is 
1
2

∫
ε ABC R AB φC where R AB = dωAB − ωAC ωC

B and A, B = 0, 1, 2. The field ωAB

contains both the spin connection ωab and vierbein ea where a, b = 0, 1 such that 
we have ωa2 = 
−1ea . Using the field redefinitions φ0 ≡ 
η̃1, φ1 ≡ 
η̃0, φ2 ≡ η̃2

and ω01 ≡ ω, one can easily show that this action is equivalent to the AdS2 gravity 
action (12) with k′ = 
−2.
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