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We introduce a four-dimensional extension of the Poincaré algebra (N) in (1 + 1)-dimensional space-
time and obtain a (1 + 1)-dimensional gauge symmetric gravity model using the algebra N. We show
that the obtained gravity model is dual (canonically transformed) to the (14 1)-dimensional anti de
Sitter (AdS) gravity. We also obtain some black hole and Friedmann-Robertson-Walker (FRW) solutions
by solving its classical equations of motion. Then, we study

A?%ish gauged Wess-Zumino-Witten (WZW)

model and obtain some exact black hole and cosmological solutions in string theory. We show that
some obtained black hole and cosmological metrics in string theory are same as the metrics obtained in
solutions of our gauge symmetric gravity model.

© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

(1+ 1)-dimensional gravity has been extensively studied by
proposing various models. Two of the gravitational theories of
most interest are singled out by their simplicity and group the-
oretical properties. One of them is proposed by Jackiw [1] and
Teitelboim [2] (Liouville gravity) which is equivalent to the gauge
theory of gravity with (anti) de Sitter group [3-5]. The other one is
the string-inspired gravity [6-8]| which is equivalent to the gauge
theory of the Poincaré group ISO(1, 1) [7] and its central extension
[9-13].

Recently, two algebras namely the Maxwell algebra [14,15]
and the semi-simple extension of the Poincaré algebra [16] have
been applied to construct some gauge invariant theories of grav-
ity in four [16-20] and three [21-23]| dimensional space-times.
These algebras have been also applied to string theory as an in-
ternal symmetry of the matter gauge fields [24]. The Maxwell
algebra in (1+ 1)-dimensional space-time, is the well-known
central extension of the Poincaré algebra which, as we dis-
cussed above, has been applied to construct a (1 + 1)-dimensional
gauge symmetric gravity action [9,10]. In this paper, we intro-
duce a new four-dimensional extension of the Poincaré algebra
(N) in (1+ 1)-dimensional space-time, which is obtained from
the 16-dimensional semi-simple extension of Poincaré algebra in
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(3 4+ 1)-dimensional space-time [16], by reduction of the dimen-
sions of the space. Then, we construct a (1 + 1)-dimensional gauge
symmetric gravity model, using this algebra. We obtain some black
hole and cosmological solutions by solving its equations of mo-
tion.

On the other hand, in string theory, two-dimensional exact
black hole has been found by Witten [6]. Another black hole so-
lution to the string theory has been presented in [25] both in
Schwarzschild-like and target space conformal gauges. Exact three-
dimensional black string and black hole solutions in string theory
have also been found in [26,27]. Here, we study the string theory
in (14 1)-dimensional space-time, and show that some obtained
black hole and cosmological solutions of the gravity model, are ex-
act solutions of the beta function equations (in all loops).

The outline of this paper is as follows: In section 2, we con-
struct a (14 1)-dimensional gauge symmetric gravity model us-
ing a four-dimensional gauge group related to the algebra M.
Then, by presenting a canonical map, we show that the ob-
tained gravity model is dual (canonically transformed) to the
(1+ 1)-dimensional AdS gravity model. In section 3, we solve the
equations of motion and obtain some black hole and Friedmann-
Robertson-Walker (FRW) cosmological solutions. Finally, in sec-
tion 4, we study Aﬁ;ﬁl gauged Wess-Zumino-Witten (WZW)
model, and show that some of the resulting string backgrounds,
which are exact (1 4 1)-dimensional solutions of the string theory,
are the same as the black hole and cosmological solutions obtained
for our gravity model. Section five, contains some concluding re-
marks.
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2. (1 4+ 1)-dimensional gravity from a non-semi-simple extension
of the Poincaré gauge symmetric model

The Poincaré algebra Iso(1,1) in (1+ 1)-dimensional space-
time has the following form:

[J, Pa]l =€ PP,

where €91 = —€%' =41, and J and P, (a=0,1) are generators of
the rotation and translations in space-time, and the algebra indices
a=0,1 can be raised and lowered by the (1 + 1)-dimensional
Minkowski metric 1g, (1700 = —1, 711 = 1) such that Pq = g PP.
In D =1+1, a four-dimensional non-semi-simple extension of the
Poincaré algebra' N = (Pg, J, Z) has the following form:

[P07Pb]:07 (1)

A
[]»Pa]=Eabe» [Pa, Pyl =kegp Z, [vaa]=_ffabpb» (2)

where Z is the new generator and k and A are constants.” For
A =0, which leads to [Z, Py] =0, the above algebra reduces to
a solvable algebra which is called the centrally extended Poincaré
algebra (or Maxwell algebra® in 1+ 1 dimensions) [9-11]. We con-
struct the N -algebra valued one-form gauge field as follows:

hi=h®Xp=e"Pa+w; J+Ai Z, i,j=0,1 (3)

where the indices i, j = 0,1 are the space-time indices, and the
one-form fields have the following forms:

e =e%dx' , w=widx' , A=Adx,

where e;?, wj, A; are the vierbein, spin connection and the new
gauge field, respectively. Using the following infinitesimal gauge
parameter:

u=p'Pa+t J+rZ,

and the gauge transformation as follows:

hi — hi=U""h;U +U"";U,

with U=e™ ~ 1—uand U"! =e* ~ 14 u, we obtain the
following transformations of the gauge fields:

Se = —d;p" — ey (T — % 2+ €™ pp (w; — %Ai) ,
Swi=—T, (4)
SA;i = —0ir —k €eiq pp.

The generic Ricci curvature can be obtained as follows:

R =TRijdx Adx) = RAXs = RijA Xadx' Adx!,

Rij = dihj) + [hi,hjl=Rij*Xa =Tij* Pa+Rij J+ Fj Z, (5)
where the torsion Tj;¢, standard Riemannian curvature R;; and the
new gauge field strength F;; have the following forms:

Tij" = dji ejy" + €™ (eip @) — e jp ;) — % ePlein Aj—ejp A,
Rij =8 wj, (6)
Fij =i Ajj +k €Peiq ejp.

Now, one can write the gauge invariant action as [10]

1 This algebra is isomorphic to the four-dimensional Lie algebra Aszg @ Aq [28].

2 Note that the commutation relation [J, Z] = 0 can be obtained from the Jacobi
identity [J, [Pq, Pp]] + cyclic terms = 0.

3 Centrally extended Poincaré algebra (or Maxwell algebra) in 1+ 1 dimensions
is isomorphic to the four-dimensional Lie algebra .44 g [28].

1 1 iy
[=— / UARA = —/dzx €Y na RijA (7)
2 2
1 N
=3 /dzx € (nq Tij* + 02 Rij + 03 Fij), (8)

where na = (nq,12,7n3) are the Lagrange multiplier-like fields.
Now, using (6), one can rewrite this action in the following form:

N A
l=/d2x el {Ua (8,-61-“ +€® ey (wj — m Aj)) + 12 diw;j

+ 13 (3,’/\]'4-%’{6017 €ia ejb)}. 9)

This action is invariant under the gauge transformations (4) and
the following transformations of the fields 74, 12 and ns:

b b A
dna=ke€q’ N3 pp — €a Ub(T—E)»),

812 = —€™nq pp. (10)

8n3 = Iﬁ €1 pp.

k
Now, we will show that the model (9) is dual to the (1 + 1)-dimen-
sional AdS gravity. We know that SO(2, 1) gauge symmetric gravity
action can be obtained by use of the following algebra (anti de
Sitter algebra for k' # 0):

[J, Pal =€aP®,  [Pa, Pyl=Kea ], (11)
as follows [10]:
i:/dzx el {ﬁa (B,-ej“ + €% €ip a)j)
~ 1
+ 2 (31'(1)]‘—}—5/(/ e €ia ejb>]. (12)

An SO(2,1) invariant action for two-dimensional gravity was first
constructed in [3] where the aim was to reconstruct the proposed
two-dimensional Einstein equation from a two-dimensional gauge
theory of gravity. Although the notation adopted in [3] is differ-
ent from our notation,* but it can be shown that the action con-
structed in [3] is equivalent to the (1 + 1)-dimensional AdS gravity
model (12). Now, by selecting 13 = —%772 in our model (9), it is
dual (canonically transformed) to the AdS gravity (12); i.e. the fol-
lowing map:

—Ai, e — ¢,

k

Wi —> Wi — Na — Na,

a—>m, kK=-A, (13)

transforms the AdS, gravity model (12) to our model (9). In the
following, we will show that this map is a canonical one. The
canonical Poisson-brackets and the Hamiltonian related to the AdS;
gravity model (12) are as follows:

(M) ®) . e ()} =en™s(x—y),
{Me)iX) . wj(y)} = €8x —y),
(M) ) . )y =n"8(x—y).
{7, 2} =8(x— ),

4 The SO(2,1) invariant action for two-dimensional gravity constructed in [3] is
3 [€®CRaz ¢c where Rag = dws — wac @5 and A, B =0,1,2. The field wag
contains both the spin connection wg, and vierbein e, where a,b =0, 1 such that
we have wgy = £ 'e,. Using the field redefinitions ¢g = £ij1, ¢1 = £ijo, ¢ = 72
and wop1 = w, one can easily show that this action is equivalent to the AdS, gravity
action (12) with k' = ¢72.
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