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We summarize the recent results about complete solvability of Hermitian and rectangular complex 
matrix models. Partition functions have very simple character expansions with coefficients made from 
dimensions of representation of the linear group GL(N), and arbitrary correlators in the Gaussian 
phase are given by finite sums over Young diagrams of a given size, which involve also the well 
known characters of symmetric group. The previously known integrability and Virasoro constraints are 
simple corollaries, but no vice versa: complete solvability is a peculiar property of the matrix model 
(hypergeometric) τ -functions, which is actually a combination of these two complementary requirements.

© 2017 Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Main formulas

Recent studies of the two advanced subjects, Hurwitz parti-
tion functions in [1] and rainbow tensor models in [2], led to a 
spectacular new discovery in the old field of the one-matrix mod-
els, which goes far beyond their well-established theory presented 
in [3] (for alternative descriptions see also [4]). They concern the 
Hermitian and rectangular complex matrix models given by the 
extended partition functions, respectively

Z N{t} =

∫
N×N

dM exp

(
−μ

2
Tr M2 +

∑
k

tk Tr Mk

)
∫

N×N dM exp
(−μ

2 Tr M2
) (1)

where the integral runs over the N × N Hermitian matrices, and

Z N1,N2{t} =

∫
N1×N2

d2M exp

(
−μTr MM† +

∑
k

tk Tr (MM†)k

)
∫

N1×N2
d2M exp

(−μTr MM†
)

(2)

where the integral is over rectangular N1 × N2 complex matri-
ces. With this choice of action, the second model has a symmetry 
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U (N1) × U (N2), much bigger than just a single U (N) in the case 
of Hermitian model.

In fact, what have been known so far about these models is 
that

• Z N{t} and Z N,N{t} are actually the τ -functions of the Toda 
chain, i.e. satisfy the infinite system of bilinear Hirota equa-
tions [5]

• Z N{t} and Z N1,N2 {t} satisfy the infinite system of recursive Vi-
rasoro constraints (see [6] and [7,8] respectively)(

− μ
∂

∂tn+2
+
∑

ktk
∂

∂tk+n
+

n−1∑
a=1

∂2

∂ta∂tn−a

+ 2N
∂

∂tn
+ N2δn,0

)
Z N{t} = 0, n ≥ −1 (3)

(
− μ

∂

∂tn+1
+
∑

k

ktk
∂

∂tk+n
+

n−1∑
a=1

∂2

∂ta∂tn−a

+ (N1 + N2) · (1 − δn,0)
∂

∂tn

+ N1N2 · δn,0

)
Z N1,N2{t} = 0 n ≥ 0 (4)

This was already a lot and made these “matrix model” τ -functions 
the most important new special functions for the modern epoch 
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of string theory calculations [3,9]. The comprehensive theory of 
genus expansion, the AMM/EO topological recursion [10], a non-
perturbative treatment [11] of the Dijkgraaf-Vafa phases [11–17]
and the check-operators [15] provided a dream-like standards for 
non-perturbative calculations and were already applied in a vari-
ety of topics ranging from knot theory [18,19] to wall-crossing [20]
and AGT relations [21].

However, a long-standing problem overshadowed all these suc-
cesses: they resulted from an artful combination and interplay of 
the two features: the Virasoro constraints and integrability. These 
two are intimately related: from the early days it was realized [5,
22] that integrability makes the entire infinite set of Virasoro re-
lations into a corollary of the lowest one named “string equation”. 
From this perspective, integrability describes the partition function 
in terms of the Grassmannian, and the string equation picks up a 
concrete point in the Grassmannian. This was a very big concep-
tual achievement, still its power is limited: to get an answer to 
any concrete question, which in quantum field theory is a calcu-
lation of the concrete correlation function, one still needs to do a 
complicated work growing with the complexity of the correlator.

Worse of all, while the theory was nicely developing in the 
direction of non-perturbative calculus, in the background of non-
vanishing coupling tk = Tk , the Gaussian averages at t = 0 re-
mained untamed. One sometimes manages to artfully deduce a 
particular formula for a class of correlators like the famous Harer-
Zagier answer [11,23] for the arbitrary Gaussian average

∞∑
k=0

zk

(2k − 1)!!
〈
TrN×N M2k

〉
= μ

2z

((
μ + z

μ − z

)N

− 1

)
(5)

for any single-trace operator in the Hermitian model (see [24] on 
generalizations to two- and three-trace case based partly on re-
lated achievements in [?]). Nevertheless, it remains more a piece of 
art than a theory capable of producing answers to arbitrary ques-
tions.

A slightly better result was a W -representation [26], where 
the partition function is represented as an action of integrability-
preserving operator Ŵ on a trivial τ -function, e.g.

Z N{t} = e
1

2μ Ŵ {t} · eNt0 (6)

with

Ŵ2 =
∑
a,b

(
abtatb

∂

∂ta+b−2
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∂2

∂ta∂tb

)
(7)

and
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{
1

μ

(
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)}
· 1 (8)

with
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∑

m

(m + 1)tm+1
∂

∂tm
, (9)

Ŵ1 =
∑
a,b

abtatb
∂

∂ta+b−1
+ (a + b + 1)ta+b+1

∂2

∂ta∂tb
(10)

Since the operators Ŵ , L̂ have non-vanishing grading 2 and 1, 
each correlator of a given grading appears in just one term of the 
expansion of the exponential and thus becomes a solution to a 
finite-dimensional problem: that of iterative action of finite num-
ber of Ŵ ’s on eNt0 and of Ŵ and L̂’s on unity. Still, no explicit 
formula for a generic correlator was so far obtained in this way.

However, as a byproduct of recent studies of far more compli-
cated problems in [1] and [2], we introduced a set of formulas, 

some of them being probably new, which do provide a full solution
of the Hermitian and rectangular complex models. Since those pa-
pers were not focused on these particular results, they remained 
not-so-well-noticed, while they certainly deserve a dedicated and 
absolutely clear presentation. Namely, the partition functions have 
very explicit character expansions and arbitrary Gaussian correla-
tors are represented by finite sums. Formulas are much simpler for 
the rectangular complex model with a bigger symmetry (see ear-
lier results in [27,28]):

Z N1×N2{t} =
∑

R

μ−|R| D R(N1) D R(N2)

dR
· χR{t} (11)

O� =
〈 l�∏

i=1

Tr (MM†)li

〉
G

= 1

μ|�|
∑

R �|�|

D R (N1) D R (N2)

dR
· ψR (�) (12)

where � = {l1 ≥ l2 . . . ≥ l� > 0} and R are the Young diagrams of 
the given size (number of boxes) |λ| = ∑i li , and D R(N), χR{t}, 
ψR(�) and dR are respectively the dimension of representation 
R for the linear group GL(N), the linear character (Schur poly-
nomial), the symmetric group character and the dimension of 
representation R of the symmetric group S |R| divided by |R|!, 
D R(N) = χR{tn = N/n}, dR = χR{tn = δn,1} [29]. Further we will 
also need a factor z� , which is the standard symmetric factor of 
the Young diagram (order of the automorphism) [29].

For the Hermitian model, the structure of the formulas is 
the same, but the Young diagrams are of even dimension (num-
ber of boxes) and additional weight factors emerge made from 
differently-normalized symmetric characters ϕR (�) = ψR(�) ·d−1

R ·
z−1
� from [30] (cf. also with a Fourier expansion of [31, Eq. (2.18)]

in terms of characters):
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∑
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μ−|R|ϕR

(
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|R|/2

)
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)
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(14)

All ingredients in these formulas are well known objects from the 
basic representation theory, the least trivial of them, ψR (�) are 
called by the MAPLE command Chi(R, �) in the combinat package. 
The strangely-looking factor in (14) is actually

ϕR

(
[2, . . . ,2]︸ ︷︷ ︸

|R|/2

)
= 1

dR
χR

{
tn = 1

2
δn,2

}
(15)

The four formulas (11)–(14) provide a complete solution to the mod-
els, much more powerful than just integrability or Virasoro constraints.

These formulas (11), (13) once again emphasize a relative sim-
plicity of the complex model of [7] with respect to the more famil-
iar Hermitian one. For example, the very first check of integrability, 
the simplest Plücker relation

w[2,2]w[0] − w[2,1]w[1] + w[2]w[1,1] = 0 (16)

between the coefficients w R in the character expansion of the KP 
tau-function τ {t} =∑R w RχR{t} in the case of (13) is just an ob-
vious identity between the dimensions
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