0 N O O~ WN =

1
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

JID:PLB AID:32462 /SCO Doctopic: Theory

[M5Gv1.3; v1.191; Prn:2/12/2016; 12:03] P.1 (1-6)

Physics Letters B eee (eo0e) e0eo—ooe

www.elsevier.com/locate/physletb

Contents lists available at ScienceDirect

Physics Letters B

PHYSICS LETTERS B

Horizon thermodynamics in fourth-order gravity

Meng-Sen Ma &P-*

@ Department of Physics, Shanxi Datong University, Datong 037009, China
b nstitute of Theoretical Physics, Shanxi Datong University, Datong 037009, China

ARTICLE INFO ABSTRACT

Article history:

Received 5 September 2016

Received in revised form 25 November 2016
Accepted 29 November 2016

Available online xxxx

Editor: M. Cvetic

In the framework of horizon thermodynamics, the field equations of Einstein gravity and some other
second-order gravities can be rewritten as the thermodynamic identity: dE = TdS — PdV. However, in
order to construct the horizon thermodynamics in higher-order gravity, we have to simplify the field
equations firstly. In this paper, we study the fourth-order gravity and convert it to second-order gravity
via a so-called “Legendre transformation” at the cost of introducing two other fields besides the metric

field. With this simplified theory, we implement the conventional procedure in the construction of the
horizon thermodynamics in 3 and 4 dimensional spacetime. We find that the field equations in the
fourth-order gravity can also be written as the thermodynamic identity. Moreover, we can use this
approach to derive the same black hole mass as that by other methods.

© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

It has long been known that gravitational system has thermody-
namic properties since the works of Hawking and Bekenstein [1,2].
Just like conventional thermodynamic systems, black holes also
have the temperature, entropy and other thermodynamic quanti-
ties. Besides, black holes also have fruitful phase structures [3-16].
Not only that, it was found that the field equations of Einstein
gravity and other more general gravitational theories, such as f(R)
gravity, can be derived from an equation of state of local spacetime
thermodynamics [17,18].

There is another route to explore the relationship between the
gravitational system and its relevant thermodynamic properties. It
is the framework of horizon thermodynamics proposed by Pad-
manabhan [19]. It is shown that Einstein’s field equations for a
spherically symmetric spacetime can be written in the form of
thermodynamic identity: dE = TdS — PdV. This makes the connec-
tion between gravity and thermodynamics more closely. The radial
pressure P is the (}) component of energy-momentum tensor. This
approach has also been extended to the non-spherically symmet-
ric cases [20,21] and other theories of gravity, such as Lovelock
gravity [22], Hofava-Lifshitz theory [23] and Einstein gravity with
conformal anomaly [24].
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However, we can notice that many previous works on horizon
thermodynamics were based on the second-order gravities. This
means that in the field equations there are at most the second-
order derivatives of metric functions. In fact, one can find that in
many cases only the first-order derivatives of metric functions ex-
ist. The work [23] on the Hofava-Lifshitz theory is the first study
on horizon thermodynamics in higher-order derivative gravity. But
it is shown that the field equations of Hofava-Lifshitz gravity in
the static, spherically symmetric case, only include the first-order
derivatives of metric functions. Generally, in higher derivative grav-
ities, the field equations are full of higher-order derivatives of met-
ric functions and are very complicated. We cannot directly extend
the previous approach to these theories. We should first reduce the
higher-derivative gravity to some lower-derivative gravity. This pro-
cess can be done via a “Legendre” transformation [25-27]. One can
even convert the higher-derivative gravity from the original Jordan
frame into Einstein frame by a conformal transformation [28,29]
or field redefinition [30]. Under some conditions, one can verify
the equivalence of black hole thermodynamics between the two
frames [30,31]. However, we do not want to deal with the hori-
zon thermodynamics of higher-derivative gravity in the Einstein
frame, because there is still no consensus on the physical equiv-
alence between the Jordan frame and the Einstein frame [32-34].
In this paper we will study a fourth-order derivative gravity. Via
the “Legendre” transformation, it can be reduced to a second-order
derivative gravity with some additional auxiliary fields, which is
still equivalent to the original fourth-order derivative gravity. In
this way, the field equations can be simplified greatly. Thus, we
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can extract the useful information from the field equations to con-
struct the horizon thermodynamics.

The plan of this paper is as follows: In Sec. 2 we give a very
short introduction to horizon thermodynamics in Einstein gravity.
We present the necessary demonstrations on some notations. In
Sec. 3 we introduce the fourth-derivative gravity theory and obtain
the second-derivative gravity via the “Legendre” transformation. In
Sec. 4 we give some examples to show the horizon thermodynam-
ics in fourth-derivative gravity in 3 and 4 dimensional spacetime.
In Sec. 5 we summarize our results and discuss the possible future
directions. In Appendix, we give the complete form of some field
equations in components.

2. Horizon thermodynamics in Einstein gravity

In this section, we simply introduce the horizon thermodynam-
ics in Einstein gravity first proposed in [19]. For a static, spherically
symmetric spacetime, the metric in the Schwarzschild gauge can
be written as

ds? = — f(rdt? + f(r)~1dr? + r?dQ>. (2.1)
Substituting the metric into Einstein field equation
1

GH*, =RH*, — ERg“U:&TT“v, (2.2)
one can obtain
rif/(ry) —1=8nr2P, (2.3)
and thus

T+ i /(7'+) 2
d(i)_ 1 G — PdV, (2.4)

where r represents the position of the event horizon, which must
satisfy f(ry) =0. P =T";|,—,, is the radial pressure of matter at
the horizon. V = 47rr§r /3 is called the “areal volume”. According
to Eq. (2.1), it is just the volume of the black hole with horizon
radius r in the coordinate.

Considering the temperature of the black hole is

_ Kk flay)
T2 4w
Eq. (2.4) is just the conventional thermodynamic identity dE =
TdS—PdV with E=r1./2,S=A/4= nri. In the source-free case,
the metric function represents Schwarzschild black hole. For this

black hole, E is just the mass M of the black hole.

This result above only depends on the theories of gravity under
consideration. It has nothing to do with the concrete black hole
solution. The contributions from matter fields have been contained
in the pressure P. Obviously, except for vacuum cases, E # M gen-
erally.

In this case, only two pairs of thermodynamic variables exist,
which are the intensive quantities (T, P) and the extensive quan-
tities (S, V). In this framework the thermodynamic properties are
directly related to the gravitational theories under consideration.
The details of matter content are not important and the concrete
black hole solutions are also not necessary. In this framework, we
have studied the phase transitions and thermodynamic stabilities
of black holes in general relativity and Gauss-Bonnet gravity [35].

) (2.5)

3. The fourth-order gravity

In this section we will generalize the original horizon thermo-
dynamics approach to the higher-derivative gravity. Let us consider
a fourth-derivative gravity action

5=SC+SM=/w&wc+£m

_ f d'xy/ =g (L + Lu). (31)
where Sy represents the action of matter fields, and the gravita-
tional Lagrangian L; takes the form

LG::%(R-—ZA-faR2+ﬂRMVRWj, (3.2)
with k¥ =16 G4. It should be noted that the matter fields are nec-
essary to derive the horizon thermodynamics, although its concrete
form is not necessary. We need energy-momentum tensor to de-
termine the PdV term uniquely.

The field equations that follow from the action Eq. (3.1) are

Guv +Epy =8mGyTyy, (3.3)
where
Guv=Rpy — %guvR + Aguv,
Euv =2B(Ryp R’ — RpJR,oU 8uv) +2aR (Ryy — Rguv)
+ BORuw + Vo Ve R g1y — 2V, V(. RNP)
+ 20 (guy OR — V, VyR). (3.4)

If substituting the metric (2.1) into these field equations, the ex-
pressions are so complicated that one cannot directly construct the
horizon thermodynamics.

Now we employ the “Legendre” transformation to simplify the
field equations. We can introduce two conjugate fields in the fol-
lowing way:

sc

_L w _ 0L
SR’

@ - ’
SRy

(3.5)

where £L=L¢ + Ly.
We can further set \/—g¢ = ® and /—gy*¥ = WAV In this

way, we can obtain

1 2
¢=—(1+2aR), y*’'= —'BR‘“’. (3.6)

K K
Now we take the “Legendre” transformation according to the two
pairs of conjugated quantities. First, we should invert Eq. (3.6) to
obtain R and Ry, as functions of ¢ and v, respectively. This

can be easily done. Then substituting them into the following def-
inition:
H(p, Yuv) = PR+ VIR — L
kK¢ =1 K 2A
=J-g|—+— — —Ly|.
g[ 4ak +4ﬂl// Ipm)—i_lc M
(3.7)

At last, we define

Ly(&uv, ¢ Yuv) = PR+ \IIMURMV —H(@, Yuv)

2A —1)?
:‘/_g|:¢R+\/fWRW—7—M

4ok

LN LM] . (3.8)

4p

Treating g, ¢, ¥,v as three independent field variables, the vari-
ation of the Lagrangian (3.8) yields the following field equations:
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