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a b s t r a c t

The nonextensive statistical mechanics is extended in the special
relativity context through a generalization ofH-theorem.We show
that the Tsallis framework is compatible with the second law of the
thermodynamics when the nonadditive effects are consistently in-
troduced on the collisional term of the Boltzmann equation. The
proof of the H-theorem follows from using of q-algebra in the gen-
eralization of the molecular chaos hypothesis (Stosszahlansatz). A
thermodynamic consistency is possible whether the entropic pa-
rameter belongs to interval q ∈ [0, 2].

© 2016 Elsevier Inc. All rights reserved.

Boltzmann–Gibbs entropy has been extended in order to capture all properties of anomaly
systems [1]. The Tsallis entropy has been widely investigated in both theoretical and applications
context [2,3]. From theoretical standpoint, the Tsallis framework has shown consistency with some
foundations, e.g. issues on the kinetic theory, ensemble theory and mathematics theorems were
investigated.

An alternative calculation of the Maxwell distribution, which is based on the introduction of
statistical correlations among velocity distributions, has been developed in the domain of classical
kinetic theory [4] (see also [5]). The second law of thermodynamics in the context of Kinetic Theory
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has also been investigated in the classical [6], the relativistic [7], and also in the quantum-mechanical
regimes [8]. All regimes have presented the following constraint on the nonextensive parameter
q ∈ [0, 2]. The convexity property of the generalized relative entropy in the quantum regime [9],
also provided same constraint on q. More recently, the third law of thermodynamics has shown
viability with Tsallis entropy and a more restrictive bound upon the nonextensive parameter was
calculated, q ∈ [1, 2] [10]. In the ensemble theory, the problem of the optimization of the q-entropy
with constraints was investigated in [2,11,12] (see also [13,14] that analysed other properties of
Tsallis entropy). Some important limit theorems alsowere analysed through Tsallis framework, e.g. De
Moivre (1733), Laplace (1744), Gauss (1809), Levy (1937) and Khinchin (1949) [15].

Some applications in high energy physics have been successfully considered using the distribution
function which emerges of Tsallis statistics. For instance, it has been used in the description of
transverse momentum spectra in high-energy pp and pp̄ collisions at the LHC [16,17] and particle
productions in pp and AA collisions at RHIC and LHC [18]. Indeed, the Tsallis statistics has been widely
applied in the experimentalmeasurements at RHIC [19] and LHC [20]. Issues related to cosmology and
astrophysics have also been studied using these generalized approaches, e.g., entropic cosmology for
a generalized black hole entropy and evolution of the universe [21,22], the entropy and the formation
of the black hole [23–25], the direct dark matter detection rates [26], relativistic plasmas [27] and
stellar rotational velocities [28].

Focusing on the framework of special relativity, we address amanifestly covariant approach for the
Tsallis statistics which has as main goal a proof H-theorem. It has been already discussed in [7], but
such proof followed a generalization of the molecular chaos hypothesis (‘‘Stosszahlansatz’’) which
is based on the combination of generalized functions (for nonrelativistic regime, see Ref. [6]). In
this letter, by following a different analysis, we introduce statistical correlations on the molecular
chaos hypothesis using the so-called extended algebra [29], and to complete the proof, we use a
generalization of the 4-entropy flux which is consistent with the Tsallis statistics. As result, we show
that the molecular collisions in the relativistic gas present a power law distribution for the states of
local equilibrium. Furthermore, the kinetic version from the second law of thermodynamics limits the
entropic parameter to interval q ∈ [0, 2].

First of all, let us mention that in the proof of the standard relativistic H-theorem, the molecular
chaos hypothesis (‘‘Stosszahlansatz’’) and 4-entropy flux are the core of H-theorem. These are
ingredients that pick upwhole statistical properties from the proof of theH-theorem. Specifically, the
‘‘Stosszahlansatz’’ is associated with the assumption that any two colliding particles are uncorrelated,
i.e. the two point correlation function of the colliding particles are factorized as f (x, p, p1) =

f (x, p)f (x, p1), where p and p1, are the 4-momenta just before collision. The particles have
4-momentum p ≡ pµ

= (E/c, p) in each point x ≡ xµ
= (ct, r) of the space–time, with their energy

satisfying E/c =

p2 + m2c2. Forward, we shall show that the relativistic nonadditive entropy is

naturally plausible with a generalization from molecular chaos when exact statistical correlations
are introduced. Mathematically speaking, it means replace the usual product among the distribution
functions in the chaos molecular hypothesis by the so-called q-product, i.e. the two point correlation
function of the colliding particles should be given by f (x, p, p1) = f (x, p) ⊗q f (x, p1) ≡ [f 1−q(x, p) +

f 1−q(x, p1) − 1]1/1−q. Note that, the statistical correlations among the distributions functions are
disregardedwhen the extensive limit is recovered, i.e. q → 1. It should be emphasized that the validity
of the chaos molecular hypothesis is yet a controversial issue [30].

In order to prove theH-theoremwe assume a relativistic rarified gas containingN particles ofmass
m enclosed in a volume V . This gas is under the action of an external 4-force field Fµ, and its states
must be characterized by a Lorentz invariant one-particle distribution function f (x, p). As is widely
known, f (x, p)d3xd3p provides, at each time t , the number of particles in the volume element d3xd3p
around the particles space–time position x and momentum p. As already discussed in Ref. [7], there
exists one only way of introducing nonextensive effects on the temporal evolution of the relativistic
distribution function f (x, p), i.e.

pµ∂µf + mFµ ∂ f
∂pµ

= Cq∗(f , f ′). (1)
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