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We show that for any von Neumann measurement, we can construct a logically reversible measurement
such that Shannon entropies and quantum discords induced by the two measurements have compact
connections. In particular, we prove that quantum discord for the logically reversible measurement is
never less than that for the von Neumann measurement.
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1. Introduction

Measurement, as envisaged, plays an inevitable role in quantum
mechanics, and lies at the heart of “interpretational problem” of
quantum mechanics. Nonetheless, different views of measurement
almost universally agree on the measurement outcomes. A quan-
tum measurement is described in terms of a complete set of pos-
itive operators for the system to be measured. A few examples of
quantum measurement are von Neumann measurement [1] which
consists of orthogonal projectors, positive-operator-valued measure
(POVM) [2], unitarily reversible measurement [3,4], etc. The most
general type of measurement that can be performed on a quan-
tum system is known as a generalized measurement [5,6]. Any
measurement on a quantum state is inherently associated with
wave function collapse and probability distribution. We recollect
the necessary preliminaries briefly below.

Quantum measurements Let H be a finite dimensional complex
Hilbert space, which represents some quantum system. The set
of quantum states p on H is denoted by D(#). A quantum mea-
surement on H is a set A = {Ax}xex € L(H) of positive operators
indexed by x € X and satisfies ), Ay = 1. Given a quantum state
p € D(H) and a quantum measurement A = {Ax}xex, then a prob-
ability distribution p = {p(x)}xex is induced where p(x) = Tr(Axp)
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is the probability of the outcome x to occur. In this case, p is trans-

formed into the quantum state py = A;'E’X’;‘I, where Ay = AIAX. If
IT = {I1y}xex is a set of orthogonal projectors, then the measure-
ment {Ily}xex is said to be a von Neumann measurement [1]. The
celebrated Neumark extension theorem [7,8] states that each quan-
tum measurement can be seen as a von Neumann measurement on
a larger Hilbert space [9].

We know that in a generalized measurement process, the input
state p cannot always be retrieved with a nonzero success prob-
ability by a “reversing operation” on the state px. A measurement
{Ax}xex is called logically reversible [10] if the premeasurement
state p of the measured system is uniquely determined from the
postmeasurement state p, and the outcome of the measurement.
Ueda et al. in Ref. [10] have shown that the measurement {Ax}xex
is logically reversible if and only if each measurement operator Ay
is a reversible operator. Moreover, if for each measurement opera-
tor Ay, there exists a unitary operator Uy such that

UxpxUL = . (11)

for each state p whose support lies on a subspace M of H,
then {Ax}xex is called the unitarily reversible measurement [4]. It
is clear that any von Neumann measurement {ITy}xcx is not logi-
cally reversible except X has only a single element. Note that in a
logically reversible measurement, the system’s information is pre-
served during the measurement process. Thus, the reversibility of a
measurement is related to the information gained from that mea-
surement. Quantum teleportation [11] can be seen as the problem
of reversing a set of quantum operations [4].
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Suppose we are given a logically reversible measurement A, =
{Ay x}xex. Since each measurement operator Ay x is a positive (re-
versible) operator, then, by the spectral decomposition theorem,

Ayx= Z ax (1) Tx (i),

i€Xy

(12)

where Ziezx Ix(i) = 19 and ax(i) > 0 for any i € X. In partic-
ular, if for all x € X there exist subsets {is}gﬂ‘:"1 C X4 such that

ZTZX] Iy(is) are the same projector onto a subspace M and
ax(i1) = --- = ax(im,), then the measurement A, is also a unitarily
reversible on the subspace M [4].

The success probability ps of reversing, after the measurement
with result x, has the upper bound [12,13]

min;cx, {ax(i)}
pu(X)

where py(x) = Tr(Ayxp). If we define the total success probability
ptot of reversing as

(1.3)

s =

PP =" pups, (14)
xeX
then
total < . . . 1'5
pletdl < );ng‘{ax(’)} (15)

Note that the above bound is independent of the quantum state p.

Shannon and von Neumann entropies A classical state is described
by a probability distribution. Shannon entropy H(p), for the proba-
bility distribution p = {p(x)}xex, is defined by [14]

H(p)=—)_ p(x)log p(x).

xeX

(1.6)

For a quantum state p € D(#), the quantum analog of Shannon
entropy is von Neumann entropy, and is given by

S(p) =—Tr(plog, p). (1.7)

An equivalent expression of S(p) is [7],

S(p) = min H( ), 18
PY= e HPa) (18)
where the minimum is taken over all pure state convex decom-
positions of p. A decomposition minimizes {H({pq}) : {|¥q), Pa}} if
and only if it is a spectral decomposition of p. For an arbitrary
ensemble {p;, n;}, which forms a convex decomposition of p, we
have

S(p) <H{m) + Y miS(oi) (19)

The equality is achieved if and only if {p;} has mutual orthogonal
supports.

Quantum discord Let Ha and Hp be (the Hilbert spaces of) two
quantum systems, pap € D(Ha ® Hp) be a quantum state, p4 and
pp be the reduced states of pap. In quantum information theory,
quantum mutual information

Ia:(paB) = S(pa) + S(pp) — S(paB), (110)

is regarded as a measure of the total correlation [15] between
Ha and Hp. With the quantum conditional entropy, S(op|pa) =
S(paB) — S(pa), quantum mutual information becomes

Ia:s(paB) = S(pB) — S(pBlPA)-

Given a von Neumann measurement 14 = {[14},cx on the
quantum system Hg, let us define a conditional entropy on the
quantum system Hgpg by SB‘A(pABHH;‘}) = Zx nxS(ppx), where
B =1y ' Tra(Tf ® 194, pap) and nx = Tr(1F ® 14, pap). More-
over, we denote by

T (pa) = S(pp) —glAonxS(pmx), (111)
X

which is interpreted as a measure of classical correlation [16,17]
between H 4 and Hp. In general, [4.5(0ap) and Jé’llx(,oAB) are dif-
ferent, and the difference between them

DN (0ap) = 1a:8(0aB) — J§’|IX(PAB)
=S(pa) = S(pap) +inf 3 xS (opy0),
X

(112)

is called quantum discord, which is interpreted as a measure
of quantum correlation [16-18]. It is an important information-
theoretic measure of quantum correlation [19], beyond entangle-
ment measures [20].

Moreover, if we replace the von Neumann measurement in
(112) with the generalized quantum measurement M4 = {M2)},c7
on H, (as described in the Introduction section), then the general
quantum discord can be defined as follows:

Da(pas) = S(pa) = S(pap) + ;;IfZ n2S(Pp12).

where ppj; =1, Tra(A2 ® 13, 0ap) and 1, = Tr(M7 @¥4, pap).
Clearly, Da(pap) < DXN(,OAB). Recall that, a purification of p €
D(Ha) is any pure state [¢pp){¢p| € D(Ha ® Hp) such that
Tre(|¢p){¢pl) = p. It, then, follows from Neumark theorem and
the additivity of von Neumann entropy with respect to tensor
products, that

Da(pag) = D4y (pap ® |€o)(€ol). (113)

This paper is organized as follows. Section 2 deals with the con-
struction of a class of logically reversible measurements based on a
von Neumann measurement, and provides a relationship between
Shannon entropies of the two measurements. Section 3 presents
an inequality between quantum discords induced by the two mea-
surements. Conclusion is presented in Section 4.

2. Logically reversible measurements

In this section, we show that it is possible to construct a log-
ically reversible measurement from any given von Neumann mea-
surement, and establish a compact relation between Shannon en-
tropies induced by the two measurements.

Let p € D(H) and IT = {Ilx}xex be a von Neumann measure-
ment with |X| =n. Now, based on IT and any a € (0, %). we can

construct the following logically reversible measurement Aff’) =

(A" xex:

A ={1—(n—Da)ll,+ ) all,.
y#X

(@)

The probability distribution p,~ = {Pﬁa)(x)}xex is induced, and the
(@)

probability p,” (x) of the classical outcome x to occur is given by

(2.1)

PP = Tr(A%p) = (1 —na)p(x) +a, (2.2)

where p(x) = Tr(Ilxp). It is easy to show that the measurement
Af,a) is not unitarily reversible on any subspace M with dim M #
1 of H. Note that the total success probability of reversing, af-
ter the original von Neumann measurement I, is zero. However,

http://dx.doi.org/10.1016/j.physleta.2017.08.062

Please cite this article in press as: S. Kim et al., Logically reversible measurements: Construction and application, Phys. Lett. A (2017),

67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132



Download English Version:

https://daneshyari.com/en/article/5496248

Download Persian Version:

https://daneshyari.com/article/5496248

Daneshyari.com


https://daneshyari.com/en/article/5496248
https://daneshyari.com/article/5496248
https://daneshyari.com

