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An anisotropic fractal model for the effective thermal conductivity (ETC) of random metal fiber porous 
media saturated in a low thermal conductivity fluid is proposed in this paper. The representative 
elementary volume (REV) was introduced. The cross section and the tortuous fiber in REV were 
considered as a fractal surface and a fractal curve respectively. The thermal tortuosity, maximum and 
minimum ETCs of REV were derived based on the fractal description under the assumption of one-
dimensional heat conduction along the tortuous fractal fiber. The space angles between the REV and 
the heat flow direction were determined based on the experimental data to deduce the anisotropic ETC 
model of random metal fiber porous media with high porosity. The model prediction results have good 
agreement with the experimental data in literature.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

The random metal fiber porous media with high porosity have 
many advantages and have received attracted attention in recent 
years [1–3]. They have large specific surface area and can be re-
garded as one kind of heat transfer enhancement materials [4,5], 
such as the fine copper wire (diameter of 50 μm) which can be 
filled in the isothermal chamber to make the air temperature in 
the chamber almost constant during charging or discharging [6,7]. 
The ETC is considered as the most important thermophysical prop-
erty in characterizing the heat transfer of porous media. Recently, 
many researchers used the formula ke = (1 − ϕ)ks + ϕk f to calcu-
late the ETC of porous media in the heat transfer models [6,8,9], 
but it would affect the accuracy of the models. Therefore, the ac-
curate evaluation of ETC is an important prerequisite to study the 
mechanism of heat transfer enhancement.

Due to the structural complexity of fiber porous media, the mi-
crostructure is difficult to describe so that it limited the study of 
ETC. Lee et al. [10] presented an improved theoretical model for 
the prediction of radiative properties in high porosity fiber ther-
mal insulations. Qu et al. [2] proposed an ETC model of consol-
idated porous materials saturated with fluid under the assump-
tion of octet-truss lattice unit cell, but this model was isotropic. 
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Li et al. [11] studied the ETC of screen mesh layers and an ana-
lytical model depending on the contact conditions, mesh number 
and wire diameter was developed. Haruki et al. [12] studied on 
the ETC of various kinds of metal fiber materials experimentally. 
Several researchers [1,2,13,14] studied the ETC of sintered metal 
fibers in vacuum or saturated in low thermal conductivity fluid 
experimentally. However, the ETCs are in low porosity conditions. 
Zhao and Zhang et al. [15,16] studied on the ETC of high-alumina 
fibrous insulation under the condition of high temperature and 
low pressure numerically and experimentally, but the change of 
porosity was not considered. Wang et al. [17] used the lattice 
Boltzmann numerical method to study the ETC of general fibrous 
material.

In conclusion, although there are still some studies on the fiber 
porous media, the studies on the random metal fiber porous me-
dia with high porosity (>0.9) are few. Furthermore, there is little 
information on the characterization of microstructure for the fiber 
porous media. Numerical methods can realize microstructure re-
construction but they entail considerable computational burden 
with limited universal characteristics. In this paper, the REV was 
defined and the fractal theory was used to describe the microstruc-
ture of random fibers in the REV. The space angles between the 
REV and the heat flow direction were determined to deduce the 
anisotropic ETC of random metal fiber porous media. The frac-
tal ETC model was validated by the experimental data from the 
present study and the open literature. It is concluded that the 
anisotropic fractal model proposed in this paper is accurate and 
universal.
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Fig. 1. The schematic diagram of REV.

2. Anisotropic fractal model

2.1. The fractal description of REV

A cubic REV (representative elementary volume) with side 
length of L0 is defined. All the fibers in REV extend through the 
entire REV from the left surface to the right surface. The solid 
phase (fibers) distribution in the cross section and fiber tortuous 
path in the REV are illustrated in Fig. 1.

Yu et al. [18] used fractal theory to describe the relationship 
between the number and size of hole in the porous media, then 
established a fractal model of granular porous media. By analogy, 
the solid phase distribution in the cross section of REV also has 
the following fractal description.

N(>λ) =
(

λmax

λ

)D f

(1)

where λ is the equivalent diameter of fiber in the cross section, 
λmax is the maximum equivalent diameter, N is the number of 
fibers with equivalent diameter greater than λ, and D f is the frac-
tal dimension about cross section.

Differential for λ, the number of fibers with equivalent diameter 
between λ and λ + dλ in the cross section were obtained.

dN(λ) = D f λ
D f
maxλ

−D f −1dλ (2)

The fractal path of the tortuous fiber can be described as fol-
lows [19,20]:

L(λ) = L0
DT λ1−DT (3)

where L(λ) is the fiber tortuous length along the heat flow direc-
tion, L0 is the representative length which is also the side length 
of REV, and DT is the fractal dimension that characterizes the fiber 
tortuous length.

The area of solid phase in the cross section is

Ap =
λmax∫

λmin

πλ2

4
dN(λ) = π D f λ

D f
max(λ

2−D f
max − λ

2−D f

min )

4(2 − D f )
(4)

The area of cross section in the REV is

A = L2
0 = Ap

1 − ϕ
(5)

where ϕ is the porosity.

2.2. The ETC of REV

According to Fourier’s law, the total heat applied to REV can be 
expressed as

Q t = kR A
�T

L0
(6)

where kR is the ETC of REV, and �T is the temperature difference 
the left surface and the right surface.

The one-dimensional heat conduction along one tortuous fractal 
fiber can be expressed as

Q s = ks
πλ2

4

�T

L(λ)
(7)

where ks is the thermal conductivity of metal fiber.
The total heat transfer of all fibers in REV can be expressed as

Q S =
λmax∫

λmin

Q s
[
dN(λ)

]

= ksπ�T D f λ
D f
max(λ

DT −D f +1
max − λ

DT −D f +1
min )

4L0
DT (DT − D f + 1)

(8)

The total heat transfer of REV is conducted by solid-phase 
(fibers) heat and fluid-phase (air) heat.

Q t = Q S + Q f (9)

The fluid-phase heat can be expressed as

Q f = k f (ϕ A)
�T

L0
(10)

where k f is the thermal conductivity of air.
Put Eqs. (6), (8), (10) into (9).

kR = ksπ D f λ
D f
max(λ

DT −D f +1
max − λ

DT −D f +1
min )

4AL0
DT −1(DT − D f + 1)

+ ϕk f (11)

Then put Eq. (5) into (11). The maximum ETC of REV can be 
calculated by Eq. (12).

kR(max) = X(1 − ϕ)ks + ϕk f (12)

where X = (2−D f )(λ
DT −D f +1
max −λ

DT −D f +1

min )

L0
DT −1(DT −D f +1)(λ

2−D f
max −λ

2−D f
min )

.

Also, the minimum ETC of REV can be calculated by Eq. (13)
[21].

kR(min) = ksk f

(1 − ϕ)k f + ϕks
(13)

Because the thermal conductivity of metal fiber is much larger 
than that of air, the thermal conductivity of air can be negligible. 
The maximum ETC of REV can be expressed by Eq. (14).

kR(max)

ks
= X(1 − ϕ) (14)

The coefficient X in Eq. (14) is the reciprocal of thermal tor-
tuosity, stating the ratio of the distance traveled actually to the 
straight-line distance [22–24]. For example, the thermal tortuosity 
in the ETC models of metal foams is 0.33–0.35 [22,25,26].

2.3. Parameter determination

In order to determine the parameter D f , some certain diame-
ter circles are generated randomly in a plane by using the Matlab. 
The planes of different porosity can be obtained by controlling the 
number of circles and these planes can be regarded as the cross 
sections of REV under different porosity. The cross sections of REV 
have the property of self-similarity [27] and the fractal dimension 
D f under different porosity can be calculated by the box-counting 
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