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We study the structural and several quantum properties of three-dimensional bosonic cluster interacting 
through van der Waals potential at large scattering length. We use Faddeev-type decomposition of the 
many-body wave function which includes all possible two-body correlations. At large scattering length, 
we observe spatially extended states which exhibit the exponential dependence on the state number. 
The cluster ground state energy shows universal nature at large negative scattering length. We also find 
the existence of generalized Tjon lines for N-body clusters. Signature of universal behaviour of weakly 
bound clusters can be observed in experiments of ultracold Bose gases. We also study the spectral statis-
tics of the system. We calculate both the short-range fluctuation and long-range correlation and observe 
semi-Poisson distribution which interpolates the Gaussian Orthogonal Ensemble (GOE) and Poisson statis-
tics of random matrix theory. It indicates that the van der Waal cluster near the unitary becomes highly 
complex and correlated. However additional study of P (r) distribution (without unfolding of energy spec-
trum) reveals the possibility of chaos for larger cluster.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Computation of energy levels and the study of various struc-
tural and quantum properties of several rare gas clusters is a long 
standing problem in many-body physics and several remarkable 
works have been published in this direction [1–7]. The proper-
ties of these clusters are mainly calculated using variational Monte 
Carlo methods. It has been observed that in contrast to helium, the 
rare gases have more classical behaviour. The interaction potential 
is generally taken as the Lennard-Jones potential. The energetics 
and structural properties of super Borromean N-body clusters have
also been reported recently [8].

Our present study mainly involves the characterization of uni-
versal properties of bosonic clusters in the unitary regime and 
interacting with van der Waals potential. The effective interatomic 
interaction at ultracold temperature can be essentially tuned to any 
desired value by utilizing Feshbach resonances. By changing the 
external magnetic field the evidence for the formation of Efimov 
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trimer states has been reported [9,10]. The study of universalities 
in few-body quantum system (N > 3) is not straightforward. There 
are several studies in this direction which predict the universal-
ity of these systems [11–20], though predictions and conclusions 
made in these works are qualitatively similar, quantitative differ-
ence exists [21–26]. This is to be noted that energy level statistics 
and spectral analysis of van der Waals clusters are reported earlier 
by our group [27,28]. However the earlier calculations consider dif-
fuse cluster and weakly interacting trapped bosons. Whereas the 
present study considers the atomic cluster at very large scattering 
length when the system becomes highly correlated and complex. 
The comparison with the diffuse cluster is made in a separate sec-
tion later.

By using the Feshbach resonance the two-body scattering 
length as is tuned to very large values. The unitary regime is char-
acterized by simple universal laws. For weakly interacting dilute 
Bose gas, the gas like state becomes unstable as as increases [18]. 
However in quantum few-body systems it leads to different con-
cept of universality. Universalities appear when the attractive two-
body interaction is such that the scattering length is much larger 
than the range of the interaction. Under such condition, a series of 
weakly bound and spatially extended states appear in the system. 
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Although the behaviour of ultracold Fermi gas is well understood, 
the exhaustive study of bosonic system with large scattering length 
is not properly presented in literature. Helium trimer 4He3 is a 
well studied quantum three-body system in this direction [19,20].

In this work we consider few-bosonic clusters of 85Rb atoms 
interacting with van der Waals interaction. In some recent ex-
periments it has been revealed that the range of the interaction 
between atoms is typically the van der Waals length characterized 

by rvdw = 1
2

(
mC6

h̄2

) 1
4

, which is associated with the − C6
r6 tail [29,30]. 

To characterize this delicate system we prescribe two-body corre-
lated basis function for the many-body cluster. At large scattering 
length the ground state energy exhibits the universality for few 
atoms (N up to 7) in the cluster. A series of spatially extended 
states are observed which exhibit exponential dependence on the 
state number. We also find the existence of generalized Tjon lines 
for N-body clusters.

The study of energy level statistics of such complex clusters is 
another important area of our present study. We are able to cal-
culate the full energy spectrum for N = 7 cluster and calculate 
nearest-neighbour level spacing distribution P (s) and �3 statistics. 
Our numerical result strongly resembles the semi-Poisson distri-
bution for the lower levels which interpolates the GOE (Gaussian 
Orthogonal Ensemble) and Poisson statistics. We also present the 
P (r) distribution of the ratio of the consecutive level spacing (r)
and the average < r̃ > which are presently considered as the most 
useful statistical measures to distinguish order and chaos in the 
energy levels.

The paper is organized as follows. In Sec. 2 we discuss the 
many-body Hamiltonian and numerical calculation. Sec. 3 consid-
ers the results and exhibits the signature of universal cluster states. 
Comparison is made with diffuse cluster. It also presents calcula-
tion of energy level statistics. Sec. 4 concludes with a summary.

2. Many-body Hamiltonian and numerical calculations

We approximately solve the many-body Schrödinger equa-
tion by Potential harmonic expansion method (PHEM). We have 
successfully applied PHEM to study different properties of Bose 
Einstein condensate [31–33] and atomic clusters [34,27,28]. The 
method has been described in detail in our earlier works [31–33]. 
We briefly describe the method below for interested readers.

We consider a system of N = (A + 1) 85Rb atoms, each of mass 
m and interacting via two-body potential. The Hamiltonian of the 
system is given by

H = − h̄2

2m

N∑
i=1

∇2
i +

N∑
i, j>i

V (ri − r j). (1)

Here V (ri − r j) is the two-body potential and ri is the position 
vector of the ith particle. It is usual practice to decompose the mo-
tion of a many-body system into the motion of the center of mass 
where the center of mass coordinate is R = 1

N

∑N
i=1 ri and the rel-

ative motion of the particles in center of mass frame. For atomic 
clusters, the center of mass behaves like a free particle in labora-
tory frame and we set its energy to zero. Hence, we can eliminate 
the center of mass motion by using standard Jacobi coordinates, 
defined as [35–37]

ζi =
√

2i

i + 1
(ri+1 − 1

i

i∑
j=1

r j) (i = 1, · · · , A), (2)

and obtain the Hamiltonian for the relative motion of the atoms

H = − h̄2

m

A∑
i=1

∇2
ζi

+ V int(ζ1, ..., ζA) . (3)

Here V int(ζ1, ..., ζA) is the sum of all pair-wise interactions ex-
pressed in terms of Jacobi coordinates. The Hyperspherical har-
monic expansion method (HHEM) is an ab-initio complete many-
body approach and includes all possible correlations. The hy-
perspherical variables are constituted by the hyperradius r =√∑A

i=1 ζ 2
i and (3A − 1) hyperangular variables which are com-

prised of 2A spherical polar angles (ϑ j, ϕ j; j = 1, · · · , A) associ-
ated with A Jacobi vectors and (A −1) hyperangles (φ2, φ3, · · · , φA)

given by their lengths. However the calculation of potential ma-
trix elements of all pairwise potentials becomes a formidable task 
and the convergence rate of the hyperspherical harmonic expan-
sion becomes extremely slow for N > 3, due to rapidly increasing 
degeneracy of the basis. Thus HHEM is not suitable for the de-
scription of large and complex atomic clusters. However we may 
assume that only two-body correlation and pairwise interaction 
are present and the total wave function � can be decomposed 
into two-body Faddeev component for the interacting (i j) pair as

� =
N∑

i, j>i

φi j(ri j, r) . (4)

φi j is a function of two-body separation (ri j ) and the global r only. 
Therefore for each of the N(N − 1)/2 interacting pair of a N par-
ticle system, the active degrees of freedom are effectively reduced 
to only four, viz., ri j and r and the remaining irrelevant degrees 
of freedom are frozen. Since � is decomposed into all possible 
interacting pair Faddeev components, all two-body correlations are 
included. Thus the physical picture for a given Faddeev component 
is that when two particles interact, the rest of the particles be-
have as inert spectators. The two-body correlation enters through 
the two-body expansion basis and as φi j is symmetric under the 
exchange operator Pij , the Faddeev equation can be written as

[T − E]φi j = −V (ri j)

N∑
kl>k

φkl (5)

where T = − h̄2

m

A∑
i=1

∇2
ζi

is the total kinetic energy operator. Apply-

ing the operator 
∑

i, j>i on both sides of Eq. (5), we get back the 
original Schrödinger equation. Since we assume that when (i j) pair 
interacts the rest of the bosons are inert spectators, the total hy-
perangular momentum and the orbital angular momentum of the 
whole system are contributed by the interacting pair only. The 
(i j)th Faddeev component is then expanded in the subset of hy-
perspherical harmonics, which we call as potential harmonic (PH) 
basis as

φi j(ri j, r) = r−( 3A−1
2 )

∑
K

P lm
2K+l(�

i j
A)ul

K (r) . (6)

P lm
2K+l(�

i j
A) is called the PH. It has an analytic expression:

P l,m
2K+l(�

(i j)
A ) = Ylm(ωi j)

(A) Pl,0
2K+l(φ)Y0(D − 3); D = 3A,

(7)

Y0(D − 3) is the HH of order zero in the (3A − 3) dimensional 
space. The global hyperradius r is further defined as r2 = r2

i j + ρ2
i j , 

where ri j is the separation between (i j) interacting pair and ρi j
is basically the global size of the remaining noninteracting bosons. 
As the angular momentum contribution from the noninteracting 
(A − 1) bosons is zero, the 3A quantum number of HH is now 
reduced to only four as energy E , orbital angular momentum quan-
tum number l, azimuthal quantum number m, grand orbital quan-
tum number 2K + l for any N . We substitute Eq. (4) in Eq. (5) and 
take a projection on a particular PH basis and obtain a set of cou-
pled differential equations in the partial wave U Kl(r).
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