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The thermodynamic properties of the blackbody radiation are revisited, for the first time, within the
theoretical framework of the «-statistics introduced by Kaniadakis. Using the x-counterpart of the Bose-
Einstein distribution, generalized expressions for the free energy, the entropy, the specific heat, and
the pressure are obtained. All quantities are shown to recover their standard expressions in the limit
k — 0. The reexamination of the thermodynamic properties of the blackbody radiation shows that it

emits more energy with an increase of the value of |« | in comparison with the standard Planck radiation
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law. Moreover, the effects of the deformed Kaniadakis statistics are shown to be more appreciable for
high temperatures. Our results could be used as a theoretical support for experimental studies implying
blackbody radiation such as the study of microwave background radiation.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The Maxwell-Boltzmann distribution is the distribution of an
amount of energy between identical and distinguishable particles.
In spite of its great success, the statistical mechanics based on the
Boltzmann-Gibbs (BG) entropy measure does not seem to be ad-
equate in dealing with many physical systems. In fact, a lot of
theoretical problems present difficulties when treated within the
standard BG statistical mechanics. One can cite, as an example, the
failure to explain the spectrum of the Cosmic rays - one of the most
important relativistic particle systems. In the last few decades, many
attempts to generalize the BG statistical mechanics have been un-
dertaken. Nonextensive g-statistics suggested for the first time by
Tsallis [2], has been the most investigated in the literature, and
many physical processes under different physical conditions and
within different approaches have been addressed. Due to its his-
torical significance and regarding its importance to model different
physical processes, the blackbody radiation has been naturally in-
vestigated in Tsallis nonextensive statistics framework [3-12]. The
Tsallis entropy (which is a one-parameter generalization of the BG
entropy with a power-law behavior) has shown a good agreement
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with observations and experimental measurements [13-15], etc.
However, other generalizations of the entropy also lead to power-
law distributions which are different from those generated by the
Tsallis entropy. Hence, it is of interest to study the implication of
such alternative distributions and their ability to describe key phe-
nomena.

Another possible generalization of statistical mechanics, known
as Kaniadakis «-statistics [16], has been introduced more recently.
The latter presents many interesting properties (maximum entropy
principle, thermodynamic stability, Lesche stability, continuity, etc.)
allowing it to be a possible generalization of the BG statistical
mechanics, especially in the context of special relativity, and the
resulting distributions have been observed in a variety of phys-
ical, natural and artificial systems. For these reasons, Kaniadakis
Kk -statistics has attracted an increasing interest in the last decade.
The different applications of Kaniadakis statistics include the study
of cosmic rays [17], relativistic [18] and classical [19] plasmas
in the presence of external electromagnetic fields, the relaxation
in relativistic plasmas under wave-particle interactions [20,21],
quark-gluon plasma formation [22], kinetics of interacting atoms
and photons [23], stellar distributions in astrophysics [24-26], frac-
tal systems [27], field theories [28], random matrix theory [29-31],
error theory [32], game theory [33], the theory of complex net-
works [34], classical information theory [35] and quantum infor-
mation theory [36,37]. It has also been considered in nonlinear
kinetics [38-40] and in a lot of economic systems [41-43].
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Regarding the success of the formalism in the relativistic con-
text, we have recently reconsidered the blackbody radiation using
the counterpart of the Bose-Einstein distribution in the k-statistics
arising from the Kaniadakis entropy [44]. The generalized Planck
radiation law has been presented and compared to the usual law,
to which it reduces in the limiting case k — 0. Effective Einstein’s
coefficients of emission and absorption have been defined in terms
of the Kaniadakis parameter k. In Ref. [44], the suggestion has
been made that it may be of interest to reconsider and generalize
the thermodynamical quantities of the blackbody radiation within
the theoretical framework of the «-statistics arising from the Ka-
niadakis entropy. In this paper, we explore this suggestion, within
the theoretical framework of Ref. [44] to which the reader is re-
ferred. This issue appears as one of the interesting prospects that
can be envisaged to complement and provide new insight into our
published results [44]. In addition, it is legitimate to wonder about
the effects of the Kaniadakis «-statistics on the generalized ther-
modynamical quantities of the blackbody radiation.

2. The Planck law

Before proceeding further, let us first briefly review the Planck
radiation law. The latter is based upon the Bose-Einstein (BE) dis-
tribution

_ 8i
exp(—Elj;{‘ )—1

(1)

n;

where g; is the degeneracy of the energy level E;, n; is the cor-
responding number of states, w is the chemical potential, kg is
the Boltzmann constant, and T is the temperature. One of the
most important applications of the Bose-Einstein distribution is
the emission of electromagnetic radiation by a body heated to a
temperature T (that is the blackbody radiation). A blackbody is de-
fined as an empty and closed cavity of volume V, whose walls are
held at a temperature T. This radiation is composed of photons,
i.e., bosons with a spin of unity. The energy carried by a single
photon with a certain electromagnetic wavelength A and frequency
v is given by

E:hv:ha):};—c (2)

where v=-2 =% and h (h= %) is the Planck constant (reduced
Planck constant). Due to the wall absorption, the number of pho-
tons N is not stored. It turns out that

oF
(5%),., ==0 )

where F is the Helmholtz free energy. The average number of pho-
tons (n;) which are in a microstate of energy &; = fiw;, given by the
BE distribution in the particular case where u =0
1
exp(i3) — 1
is called the Planck law.

(n;)

(4)

3. The blackbody radiation in the framework of the Kaniadakis
K -statistics

To reexamine the Planck law in the framework of the Kani-
adakis distribution, we introduce the deformed exponential and
logarithm which are based on a one continuous parameter k

1
K

exp, (x) = [ 1+x2x2 4+ KX] (5)
X< —x7K

Ing = ——— 6

Ny % (6)

where —1 < x < 1. The most interesting property of this function
is its asymptotic power law behavior given by

eXPye (X)xs 00 ~ (|26X]) (7)

The deformed BE distribution in the framework of the k-statistics
[45] is given by
1
i) = ———— (8)
exp, (St — 1

The deformed Planck law [44]

Voldw 1% wdw

dN, = (n;) =
N e exp (P 1

(9)

that expresses the number of photons dN, with a pulsation be-
tween w and w + dw, is obtained by multiplying (n;) by the
number of microstates.

The energy corresponding to this radiation is then given by

J v howddw
Ec = 7233 ho \ (10)
exp,((—kBT) 1

The spatial density energy per frequency interval is then defined
as

h w3

2-3 h
203 exp, (M) —1

P = (11)

The generalized Planck law describes the distribution of the elec-
tromagnetic energy (or the distribution of the photon density) ra-
diated by a blackbody at a given temperature T. Planck law can
be presented in different variants involving parameters such as in-
tensity, flux density or spectral distribution. Two limiting cases,
viz.,, hw < kgT and hw > kT, deserve special attention. When
hw <« kT (high-temperature or low-frequency limit), the classical
limit [44]
2

dE, = %kgmw (12)
is recovered. The latter can be perceived as a k-generalization of
the Rayleigh-Jeans formula, where the light is regarded as a super-
position of harmonic oscillators (the number of oscillators is given

by 7‘:2“;23 dw) of frequency w and energy kgT. For hw > kT, Eq. (10)
becomes [44]
Vh — P
dE, :ﬁaﬁexpkl’ﬂ dw (13)
TAC

which can be viewed as a generalization of the Wien’s law.
Integrating (10) over all the frequencies, we obtain the follow-
ing generalized total energy radiated by the cavity

. Vh / w3dw (14)
K =
T2 ) exp () — 1
Introducing the following change of variable x = IfB—"’T (14) be-
comes
oo
Vh o (kpT\* x3dx
Ee=—gs(o) [ o (15)
TAC h exp, (x) — 1
0
Having in mind that
oo nd
xdx
(16)
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