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We present a theoretical scenario for the atomic above-threshold ionization (ATI) in an intense laser 
field by investigating the Rydberg state population in real time. Rather than merely viewing the final 
distribution of photoelectron yield directly, we monitor the Rydberg state population by projecting the 
time-dependent wave function onto the bound eigen-states. The calculation shows that the population of 
resonant Rydberg states is closely related to the peaks in photoelectron kinetic energy spectrum (PKES). 
For a hydrogen atom, the highest populated Rydberg states are degenerated, exactly corresponding to 
the first ATI peak if one additional photon is absorbed. While for non-hydrogen atoms, e.g., Ar, the high-
est Rydberg states are mainly populated on specific states, e.g., 3d(5s) and 4 f in our case, also giving 
exact peak positions in PKES, where the state identification is obtained by the angular momentum re-
solved distribution of excited Rydberg states. This method provides an easy to understand picture for the 
resonance-enhanced effects in ATI as well as the role of atomic core potential in strong-field ionization.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Increasingly shorter pulses with duration of the order of 
(sub)-femto to attoseconds make it possible to study the interac-
tion of few-cycle pulses with atoms or molecules [1]. It is widely 
perceived that an electron can be ionized through either a mul-
tiphoton or a tunneling mechanism, depending on the value of 
the Keldysh parameter γ = √

I p/(2U p) [2], where I p is the ion-
ization potential of the target atom and U p is the ponderomotive 
energy. In the multiphoton regime (γ > 1), an electron can absorb 
more photons than necessary to overcome the ionization potential, 
which is called above-threshold ionization (ATI) [3–5]. Therefore, 
the resulting energy spectra show regular ATI peaks separated by 
one photon energy. At the same time, all peaks are shifted by the 
ponderomotive potential.

Due to the transient resonances of ac Stark-shifted Rydberg 
states, the low order ATI peaks can break up into substructures, 
which is called Freeman resonance [6]. A radial pattern with a 
shape of a bouquet near and below the first ATI order has been 
observed experimentally [7,8] and theoretically [9,10]. It is consid-
ered that such distribution in the near-threshold continuum results 
from the interplay between different electron trajectories in the 
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laser and the Coulomb fields, which is also concluded by intro-
ducing a variable cut-off function to make a number of different 
long-range potentials [11,12].

More extensive study in this energy range is via the simulta-
neous measurement of the photoelectron kinetic energy spectrum 
(PKES) and photoelectron angular distributions (PADs) [13–15]. 
This combined technique observes jet structures which correspond 
to angular momenta of the resonant Rydberg state in the PADs of 
low-order ATI peaks and ring structures in the PADs of high-order 
ATI peaks, respectively. Considering the long-range Coulomb po-
tential, Chen et al. [11] further established an empirical rule that 
the dominant angular momenta of the low-energy photoelectrons 
are related to the initial state and the minimum number N of ab-
sorbed photons to reach the continuum. However, no clear physical 
interpretation of these dominant angular momenta was provided 
there. A widely accepted interpretation was reported by Arbó et 
al. [9], who attributed the Ramsauer–Townsend-type diffraction os-
cillations in the angular distribution to being the nature properties 
of the interfering classical trajectories in the presence of both the 
Coulomb and laser fields. This interpretation was then confirmed 
experimentally by Marchenko et al. [16,17], who showed that there 
are two major contributions arising from the interference in the 
momentum spectra, and the resonant substructures in the energy 
spectrum could be influenced by the presence of non-resonant ion-
ization.
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In this paper, rather than merely viewing the final distribu-
tion of photoelectron yields directly, we monitor the bound Ryd-
berg state population in real time. Our calculation is carried out 
for hydrogen atom H and non-hydrogen atom Ar from the tun-
neling regime to the multiphoton regime, where the information 
of Rydberg state population is obtained by projecting the time-
dependent wave function onto the bound states. The correlation 
of the bound intermediate Rydberg state population with the pho-
toelectron kinetic and angular momentum distribution provides a 
different angle to understand the multiphoton ionization in low-
energy range, as well as the population trapping of Rydberg states 
in ionization [18] and surviving of Rydberg states in photoioniza-
tion [19,20].

2. Theoretical method

The time-dependent Schrödinger equation (TDSE) for an elec-
tron under the influence of a classical electromagnetic field in 
atomic units reads:

i
∂

∂t
ψ(r, t) = H(r, t)ψ(r, t). (1)

Here the Hamiltonian of an atom interacting with a linearly polar-
ized laser field within the single electron approximation is:

H(r, t) = p2

2
+ V (r) + r · F(t), (2)

where p and r are the momentum and position of the electron, 
respectively, V (r) is the atomic central potential, and F(t) is the 
time dependent external electric field.

In this work, we use the effective atomic potential which is pa-
rameterized by [21]

V (r) = − Z + a1e−a2r + a3re−a4r + a5e−a6r

r
, (3)

where Z is the charge of the residual ion and the parameters ai
are obtained by fitting the numerical potential calculated from the 
self-interaction free density functional theory [22]. The laser pulse 
is chosen to be of the form:

F(t) = F0 sin2(
πt

τ
) cos(ωt + ϕ) Ẑ; (0 ≤ t ≤ τ ), (4)

where ω is the laser carrier frequency, ϕ the carrier-envelope 
phase, τ the total pulse duration, F0 the peak field, and Ẑ the 
polarization direction.

In the numerical calculations, ψ(r, t) is expanded as

ψ(r; t) = ψ(r, θ,φ; t) =
∑

l

Rl(r; t)

r
Ylm(θ,φ), (5)

where the angular part is expanded with the spherical harmonics 
for a fixed magnetic quantum number m. The radial part Rl(r; t)
of the wavefunction is expanded in the discrete variable repre-
sentation (DVR) basis [23–26]. The wavepacket propagation is per-
formed by using the split-operator method [26]. We calculate the 
probability of the electron on the bound state by projecting ψ(r; t)
onto the corresponding field-free eigenstates ψnlm(r),

Pnlm = |〈ψnlm(r) | ψ(r; t)〉|2 . (6)

The probability of the electron on the Rydberg state n is Pn =∑

lm

Pnlm . The total ionization probability is given by

Pion(t) = 1 −
∑

Enlm<0

|〈ψnlm(r) | ψ(r; t)〉|2 . (7)

Fig. 1. (Color online.) Calculated photoelectron momentum distributions for H and 
Ar in tunneling ionization region for a 800 nm, 1.7 × 1014 W/cm2 laser pulse.

The calculation of the 2D momentum distribution requires projec-
tion of the wave function |ψ(r; t)〉 after the laser pulse vanishes 
onto the outgoing continuum functions [27,28]

dP

dk
= 1

4πk

∣∣∣∣∣
∑

l

eiδl(k)
√

2l + 1Pl(cos θ) 〈k, l | ψ(r; t)〉
∣∣∣∣∣

2

, (8)

where δl(k) is the momentum-dependent atomic phase shift, θ is 
the angle between the electron momentum k and the polariza-
tion direction of the laser field Ẑ , Pl is the Legendre polynomial 
of degree l, and the partial wave |k, l〉 is the eigenstate of the 
atomic Hamiltonian with positive eigen-energy E = k2/2 for or-
bital quantum number l. Note that in Eq. (8), only m = 0 is taken 
into account for atom H with initial s state. It is also applicable 
for atom Ar in a linearly polarized laser pulse, even though the 
atom is initially in the p state. We omit the contribution of the 
ionization probability from m = ±1 since they are much smaller in 
comparison to the m = 0 component.

3. Results and discussion

Before studying the atomic multiphoton ionization dynamics, 
we’d like to have a brief view of the main features of its tunnel-
ing ionization favored by small Keldysh parameters (γ < 1), e.g., 
for atom H and non-hydrogen atom Ar. In this strong field region, 
the ionization dynamic behavior shows a similarity even for dif-
ferent atomic species. A typical laser pulse of peak electric field 
1.7 × 1014 W/cm2 is used in the calculation with its wavelength 
800 nm, total duration 18 fs, comprising 6 cycles.

In Fig. 1 we present the two-dimensional momentum distri-
butions for photoionization of H and Ar atoms in this tunnel-
ing ionization region. First of all, we can notice the similarity of 
the doubly differential momentum distributions for the two dif-
ferent atomic targets. The interference patterns are characterized 
by a transition from a ring-shaped pattern at larger k with circu-
lar nodal lines to a pattern of pronounced radial nodal lines for 
small k near-threshold resembling experimental results [7,8]. The 
circular nodal structure reflects the dominant angular momentum 
and parity of the photoelectrons at the constant energy [9,13]. Fur-
thermore, within the first ATI peak, the bouquet shaped structures 
have been found to be the major features resulting from the inter-
play between different electron trajectories in the combined laser 
and Coulomb fields [9]. Both atoms have close ionization potentials 
(hydrogen I p = 13.6 eV and argon I p = 15.76 eV) and therefore 
their photoelectron momentum distributions show radial jets with 
the same numbers, which depends on the binding energy and the 
laser intensity [29].
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