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The formation of a circular hydraulic jump in a thin liquid layer involves the creation of a horizon where
the incoming wave (surface ripples) is blocked by the fast flowing fluid. That there is a jump at the
horizon is due to the viscosity of the fluid which is not relevant for the horizon formation. By using a
tunneling formalism developed for the study of the Hawking radiation from black holes, we explicitly
show that there will be an exponentially small tunneling of the blocked wave across the horizons as

anticipated in studies of “analog gravity”.
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1. Introduction

A jet of fluid impinging vertically at high speed on a flat surface
initially flows out radially in a thin almost laminar layer. At a cer-
tain critical radius it jumps to a thicker layer and the flow becomes
turbulent. For a high viscosity, low surface tension liquid the jump
is often along a circular ring and is called a circular hydraulic jump
[1-4]. There are two essential ingredients in the jump:

e The formation of a circular boundary at the critical radius
r = R¢, which is a demarcation between one-way and two-way
flow of waves.

e The formation of the jump itself due to the presence of viscos-
ity and the one-way information flow resulting in a bottleneck
at the boundary.

Below, we see each of these in slightly greater detail.
Assuming the flow to be wholly radial, the formation of the
boundary at r = R. is obtained from the condition

vo(Re) =c(Ro), (1)

where vq(r) is the flow velocity of the water from the ground
frame, c(r) is the wave velocity of the ripples (which are the rele-
vant hydrodynamic waves in a thin fluid) in the flowing frame, and
c2 = ghy where ho(r) is the height of the fluid layer. The height
ho(r) and hence c are in general slowly varying functions of r. This
condition has nothing to do with viscosity and gives a boundary
but not a jump. The continuity equation for the flow requires the
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volumetric flow rate f to be a constant Q independent of the ra-
dial position r

f=rvoMho(r) = Q. (2)

The planar radial flow starting from the origin (the point where
the jet impinges) is very fast with vo(r) initially greater than the
ripple velocity c(r). The thin fluid layer height hq(r) is slowly vary-
ing and from Eq. (2) we note that vo(r) has to decrease as the flow
spreads out. At r = R, it equals c(r). The radius R has a special
significance. To see that let us consider the velocity of the ripple
as seen by a laboratory observer. The result ¢ = gh is valid for an
observer for whom the fluid is stationary. A positive ¢ is an outgo-
ing wave and a negative c is an incoming wave. If the fluid is now
moving with a velocity vo to the right with respect to the sta-
tionary observer (laboratory frame) then the velocity of the ripple
according to that observer is vo +c. If r > R¢, vo+¢ >0 for c >0
and vo + ¢ < 0 for ¢ < 0. Hence the laboratory observer concludes
that for r > R, there is both an outgoing and incoming wave. On
the other hand if r < R, then for both positive and negative c,
v + ¢ > 0 and hence there is NO incoming wave for the laboratory
observer. This is the phenomenon of wave blocking - the incom-
ing wave is blocked from entering the region r < R.. The radius
r = R¢ is a horizon in the sense that in the interior there is only
an outgoing wave and in the exterior there are both outgoing and
incoming waves. This horizon is the reverse of a black hole hori-
zon (only incoming waves for r > R.) and is usually referred to as
a white hole [5-7].

The formation of the jump at the boundary is the handiwork
of viscosity [8-13]. Viscosity slows down the fluid layers as they
move downstream and this affects the height of the layer. The
effect is most extreme at the boundary itself. There, the sudden
vanishing of incoming waves prevents the information about vis-
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cous retardation from being propagated towards the origin, causing
a bottleneck and a resulting prominent increase in height. This is
the jump itself. This phenomenon was captured in the WKB type
of analysis in Ref. [13].

Assuming the above picture is correct, one can obtain the scal-
ing law for the jump radius R.. This is done by equating two time
scales - the time scale t4 corresponding to the time required to
flow from the origin to the horizon and the viscous time scale
7p. The respective estimates are T4 =~ Rc/vo = Rc/(gho)'/? and
5 = hé /n where 7 is the kinematic viscosity. The volumetric flow

rate evaluated at the horizon gives Q¢ = chl/zhg/z. Now setting
T4 = T as the jump condition, we arrive at

Re ~ QS/SV_3/8g1/8, 3)

which is a well known scaling law in this field [8]. Further refine-
ments pertain to the inclusion of surface tension effects [14] and
the formation of polygonal jumps [15,16]. We do not consider the
effect of viscosity any more in this work except to show in the
paragraph below that when the jump occurs at the horizon, the
correct scaling of the jump radius follows from the qualitative pic-
ture given here. Our concern in what follows thereafter is with the
horizon formation (wave blocking) alone.

The horizon formation explained above led to a whole body of
extremely interesting work pointing out the possibility of an ana-
logue of “Hawking radiation” in such cases [17,18]. This essentially
means that it should be possible for some incoming wave to tun-
nel across the horizon to r < Rc. In the case of the real Hawking
radiation the emission from a black hole is due to quantum fluctu-
ations and quantum field theory is the proper setting for its study.
However, it was realized that a tunneling formalism [19,20] for the
quantum fluctuations could also be set up and though there were
some quantitative issues at first, the correctness of the tunneling
picture was finally established by the work of Partha Mitra and
co-workers [21-23].

The most comprehensive discussion of the “Hawking effect” in
analogue gravity from the view point of quantum field theory has
been that of Scott Robertson [24]. In the hydraulic jump situation,
the phenomena involved are completely classical, so it should be
possible to view it as a linear stability analysis around the static
solution. This latter solution gives the picture of wave blocking and
the fluctuations around this steady state could appear as the tun-
neling that has been studied by Mitra [21]. In this Letter I show
that such an approach is indeed possible, and obtain the presence
of an exponentially decaying “wrong-way” wave beyond the hori-
zon together with an estimate of its amplitude.

2. The calculation

In the black hole problem, one looks at quantum fluctuations
around a Schwarzschild background. Here we begin with a static
solution corresponding to vo(r) and ho(r) and consider small fluc-
tuations Sv(r,t) and Sh(r,t) around them. This causes the vol-
umetric flow rate f in Eq. (2) to fluctuate and we denote that
fluctuation by f’. Linearizing the hydrodynamic equations around
the steady state leads to the well known result [13]

(g s f') =0 (4)

with

g% =vq ! 'o (5)
vo vj—ghg

The metric element g2 has a zero at R. where the flow velocity
and wave velocity match. The wave blocking that this causes was
explained physically before. We now point out that this metric cor-
responds to the one describing a Painleve-Gullstrand line element

and this is in turn related to the Schwarzschild metric as explained
in detail in Barcelo et al. [25]. This is the quantitative justification
for the existence of a horizon at R.. The vanishing of g2 at r = R,
implies the existence of a horizon. We write out the equation for

f’ as
vodg f/ + vEdear f' + 8 (v3a: ) + ar(vo(vg — c*)d-f') =0 (6)

We look for separable solutions f’(r,t) = S(r)y (t), substitute this
ansatz into the above and find that

vos¥ & ar(v(%s)K + vgars£ +dr(vo(v§—c?)aS)=0 (7
14 v 14
Separation of variables now requires that vr/v = const. Without
loss of generality we can write the constant as —iw, with the spec-
trum of @ being continuous. Then ¥ = e~ with the constant
of integration absorbed into S for now. Solving Eq. (7) with this
ansatz yields the spatial part S(r, w). Adding up all the separable
solutions for each w yields that

f/(r,t)zi/dwe*iwfsq,w), (8)
2w

ie. f/(r,t) is the Fourier transform of S(r,w). The spatial part
S(r, w) satisfies

d?s dvo 1 d ds
2 2 2 .
— A= 3vg— — — — —i2 e
(VO ¢ )drz +|: vo dr vo dr (VOC ) ! voa)] dr
d
- <w2+i2a)§>5=0 9)

Since we are looking for a wave-like solution (the ripples) there is
a definite expectation about the form of S(r, w). The ripples have
wavelength much smaller than R. and hence we are looking at so-
lutions with high wave-number and consequently high frequency.
Near the horizon, vo >~ ¢ and at high frequencies Eq. (9) admits
WKB type treatment. This was first noted in an astrophysical con-
text by Petterson et. al. [26]. Accordingly we expand

(10)

S(r, w) =expiKy(r) =expi< (0:0(nr)>

n=—1

where ¢n(r) are complex-valued functions of r. The leading term
@_1(r) satisfies

d
a‘/’—l(f)= (11)

votc’
In the above expression, we have, for the positive sign, and outgo-
ing wave for both r < R, and r > R.. However when we take the
negative sign there is an incoming wave for r > R; and again an
outgoing wave for r < R.. This is the wave blocking we discussed
before, now seen quantitatively.

At the next order i.e. n =0 we get

1
©o = ii log(cvg) + const. (12)
For two significant terms the solution is
S(r,w) = ! Ajexpiw / dr
T vz | P Vo +C
. dr
+ Az expiw / (13)
Vo—C

where A; and A, are constants of integration. For large r, ¢_1 ~r
while @g ~ logr, which is an indicator of successive terms falling

http://dx.doi.org/10.1016/j.physleta.2016.10.053

Please cite this article in press as: J.K. Bhattacharjee, Tunneling of the blocked wave in a circular hydraulic jump, Phys. Lett. A (2016),

67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132



Download English Version:

https://daneshyari.com/en/article/5496996

Download Persian Version:

https://daneshyari.com/article/5496996

Daneshyari.com


https://daneshyari.com/en/article/5496996
https://daneshyari.com/article/5496996
https://daneshyari.com

