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By using the nonequilibrium Keldysh Green’s functions, we study the heat generation in a quantum dot
coupled to a normal and a superconducting lead. It is found that the magnitude of the superconducting
energy gap plays a crucial role in the characteristics of heat generation. For example, the local heating
induced by phonon assisted Andreev reflection increases hundredfold as the gap grows from below
half phonon energy 0.5w( to above 0.5wq. Another example is the heat in the QD can be taken away

efficiently only when the gap is larger than one phonon energy. It is also found that at low temperature
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(T <« wp) there exists a threshold bias voltage of half one phonon energy.
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In recent years, the local heating in nanoscale junctions has
attracted a lot of attention because of the vast progress in nanofab-
rication. In such junctions, Joule heating arises from the interaction
between electrons and phonons, which has been observed exper-
imentally [1-4] and found to be such substantial that it poses a
serious stability issue in electronic nanodevices. For a nanoscale
junction, heat conduction is quite difficult. In order to prevent its
stability from being jeopardized, many works have been done both
experimentally and theoretically [5-11] to uncover laws of local
heating in nanodevices, and then find out ways to suppress the
heating. On this topic, the hybrid system consisting of a quan-
tum dot (QD) coupled to two normal leads has been investigated
extensively [5-9,11,12]. Some amazing properties unique in the
nanosystems, absent in macroscopic bulks, were found. For ex-
ample, at zero temperature, with increasing electronic current the
heating in the QD keeps zero as the bias voltage is less than one
phonon energy. For a large fixed bias, the Joule heat is not propor-
tional to the current. It was also found that a magnetic quantum
dot can be cooled by a spin-polarized tunneling charge current [5].

In this paper, we shall discuss a slightly different setup,
a normal-metal-quantum-dot-superconductor system (N-QD-S),
which has been experimentally realized [13-15]. The transport
properties of such a hybrid N-QD-S system has been widely stud-
ied [15-35]. In this geometry, the Andreev reflection occurs, in
which an electron incident from the normal metal is reflected as a
hole with a Cooper pair being created in the superconductor. For
bias voltages less than the superconductor gap, the Andreev re-
flection dominates the transport process of the system. When the
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applied voltage is larger than the gap, both Andreev tunneling and
normal tunneling contribute heavily to the conductance. Thanks to
the existence of the energy gap of the superconducting lead, the
physics of the transport process becomes much richer. To ensure
such a hybrid system to work properly, the local heating should be
taken seriously, which however has gained little previous atten-
tion, apart from the works of Wang [6] and Chen [7]. Wang found
that the heat generation can be controlled by the gate voltage, bias
and temperature. Chen focused mainly on how the local heating is
affected by the Andreev reflection and quasi-particle current, re-
spectively. In present work, we restrict our attention to finding
how the superconductor gap magnitude affects the heating of this
N-QD-S system.

The system under our consideration can be described by the
following Hamiltonian (hereafter e, i =1):

H=H;+Hgr+Hp+Hr, (1)
where,
Hp = ZGL,kCIJ«,CL,ka7 (2)
k,o
Hg = ZGR,kC;rg,kUCR,kJ
k,o
+AZ(CLJ<TCL,—N + CR,—k[CR k) (3)

k
Hp =Y €dyds + Udlddld,
o

+wod'a+ i@ +a)) dhds. (4)
o
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Hr = Z(tacl’kgd(r + tzdlca,kcr)- (5)

o ko

Here, H; and Hy depict the left normal-metal and right supercon-
ducting lead, respectively, with the fermion operator cT o (Ca ko)
(a =L, R) creating (annihilating) an electron of vector fc and spin

o (o0 =%,]) in the wa-lead, and 2A the superconducting gap.
Hp is the Hamiltonian of the QD, in which the first term repre-
sents the discrete energy level in QD, the second describes the
intradot electron-electron Coulomb interaction, the third is the
free-phonon Hamiltonian and the last one represents the electron-
phonon interaction (EPI), with dI, (dy) and af (a) the electron
and phonon creation (annihilation) operator in QD, wq the phonon
frequency, U and A the strength of Coulomb repulsion and EPI.
Ht denotes the tunneling Hamiltonian, where t, represents elec-
tron hopping amplitude between QD and «-lead. For simplicity, ty
is assumed to be independent of the state k.

By coupling the QD to a large outside thermal bath, we can
assume that the phonons in QD are in equilibrium Boson distri-
bution Npp, = 1/[exp (wo/kTpn) — 1], with T,y the phonon bath
temperature. Then the heat generation Q (t) in the QD, i.e., energy
transfer from electron reservoirs to phonon bath, per unit time at
time t can be calculated from time evolution of the energy opera-
tor Epp(t) = won(t): Q(t) = (dwon(t)/dt), where n(t) = a®a) is
the phonon occupation number operator. After some algebra based
on the equation of motion [8], we get

Q = wor?[iG}p(wo) + 2Npplm Gl (wo)], (6)

where G;g(wo) are the Fourier transformation of the lesser and
retarded components of the electronic two-particle Green’s func-
tion for QD: Gj,(t,t) = —i(DT(t)D()), Ghp(t, t) = —io(t —
t)([D (), DT(t")]), with D(t) =Y, db ()de (©).

In order to solve for the two-particle Green's functions in
Eq. (6), we make a canonical transformation H = VHVT, with
the unitary operator V = exp [)L/a)o(aJr —a)> . d:';d(,]. Under this
transformation, the Hamiltonians for leads keep unchanged, but
the Hamiltonians for QD and for electronic coupling between QD
and leads become

Ap=VHpVi =" ¢éudlds + Udldrdld, + woala, 7)
o
and
ﬁT=VHTVT=Z(Va a]<ada+vad Ca ko )- (8)
o ko

Due to the EPI, the energy level of QD is turned into €; = €4 —
A2/wo, while the charging energy U = U — 24%/wp and the cou-
pling strength f, = toX. The operator X = exp[—A/wo(a’ — a)]
arises from the canonical transformation of the electron opera-
tor dt7 = Vdy, vi= dysX. When the EPI in QD is much stronger
than electronic coupling between QD and leads, i.e., A > tq, it is
reasonable to replace the operator X approximately with its expec-
tation value (X) = exp[—(A/wo)z(Nph +1/2)] [7-9,11,36]. Under
this approximation, the electron-phonon interaction in QD is de-
coupled. For simplicity, we consider the case of U = 0. Then the
two-particle Green’s functions in Eq. (6) can be transformed into
product of single-particle Green’s functions with the help of Wick’s
theorem, and the Q becomes

Q= woxz Z/

o,0'

{G;U,(a))a;g (@ — wp) — 2Npp

X Re[ T o1 ()G 515 (@ — @0) + G ()8 (@ = a)o)]}
(9)

</>/r/a

where G (w) is the Fourier transform of the electronic

single- partlcle Green'’s functions for QD G</>/r/a(t t’), which are
defined as GI/% (¢, t) = q:l@(j:tq:t)({do(t), d' @), Gzt t) =
(d];,(t )ds (1)), G;a,(t,t) = —i({dy (t)da,(t )) and governed by the
transformed Hamiltonian H. With the help of the equation-of-
motion technique, the retarded Green’s function can be analytically
evaluated as
-1
~ DI 314
-1
Cho (@) =800'18110 — S — o2 b s
20 T Em

where g% "' = w + (-1)J& +i0T (j =1,2), T} = T}, =
—lFL/Z - ly(a))I‘R/Z L, =X = lAy(w)FR/Zw, with y(w) =
lw|/vVw? = A2 for |w| > A and y(w) = —iw/VA? —w? for
lw| < A, Tq = (X)?Ty = 27 (X)? Ty |te|?8 (@ — €4.) being the ef-
fective linewidth and assumed to be independent of energy. The
advanced component is Gfm/(a)) = Gg"g,(a)). The lesser (greater)

=</>
Green’s function G @
A(w) =i[G", ., (@) —
fied into

(10)

(w) is proportional to the spectral function
fm,(a))] [37]. Now, the Eq. (9) can be simpli-

Q =2wo)? {(Nph+1)c (@)G 74 (w — wo)
1 %

—NthM(a))GM(a)—wo)}. (11)

To facilitate calculation, we introduce ttNle 2 x 2 matrix Green’s
functions in Nambu space G"/%(t,t') and G=(t,t'):

G, t') = Fif (£t Ft')

T / !
(OB OD (g ©.d, ) 12)
tdl .l (d ©.d,@)))
T / /
S0 =i GOLO) @OhON) a3)
@ @)d ) @y @)Hd! o)

The Green'’s function E; (w), i.e., 5< (w), can be solved with the
help of the l(eldysh equation G< = Gr): G® [37], in which the

lesser self-energy ¥ < can be easily obtained for the case of Vg =0
(Vg is voltage dropped on the right superconducting lead) as

=< o~ 0 — A _
> (a))leRfR(w)_|w| C(()lzm A2 ) (—Al/a) Al/w)

= fi(w+eVy) 0
+’“< 0 ﬁ(w—evL))’

where, we have assumed t, to be real for simplicity. fy(x) =
[exp (x/kpTy) + 1171 is the Fermi distribution function with Ty
temperature of the «-lead, and V| is the voltage of the left nor-
mal lead. Substituting the lesser self-energy ¥ ~(w), Eq. (14), into
the Keldysh equation, we obtain

Chy (@) =T [ I8 @P i@+ evi) + B @ P fi@—evy)]

|w]6(Jw| — A) G 2 Er 2
ﬁ |G ()7 + |Gy (w)]

22 Re[E @) @)] }

(14)

+iTr fr(®)

(15)

where the retarded Green’s function Grl(w) ie, G T(a)) is given
by Eq. (10), and

. - ~ i
Gy (w) =Gy, (w))/(w)FRA%

. . —1
. i~ i ~
X [a)+ed+§I‘L+§y(a))FR] .
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