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In the current paper, the coupled hysteretic behaviors of ferroelectric ceramics subjected to combined 
electromechanical stimulations are modeled. For a single grain, the polarization orientation switching 
process is modeled by employing the Euler–Lagrange equations and formulated as a coupled differential 
equation system. For ferroelectric ceramics, the principle axis orientations of the individual grains are 
assumed to be distributed in a certain profile, the behaviors of the ceramics are modeled as a weighted 
combination of the response of each grain. The influence of intergranular interactions is carefully 
discussed. Numerical results for the minor hysteresis loops in strain and polarization are demonstrated. 
Comparisons between these results and their experimental counterparts are presented to illustrate the 
attributes of the proposed model.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Due to their inherent electromechanical coupling properties, 
nowadays ferroelectric ceramics are widely used in many applica-
tions, including devices for vibration control and nano-positioners, 
camera focusing and shutter mechanisms, shape modification and 
flow control, and energy harvesting devices. However, when the 
ferroelectric ceramics are considered for device design and con-
trol applications, it is necessary to account that they typically 
operate in a nonlinear manner and hysteresis is present in the 
input–output relations. To take full advantages of the materials’ 
properties, and to analyze, control, as well as optimize the ferro-
electric devices, an efficient model which can capture the complex 
nonlinearities with coupled hysteretic effects is essential.

Currently, there are primarily two modeling strategies, which 
are based on the micromechanical models and the phenomenolog-
ical models, respectively. The micromechanical models have been 
developed by energy characterization or thermodynamic descrip-
tion at the level of a single lattice cell, single domain, or single 
crystal. This strategy needs to be combined with various homog-
enization techniques (e.g., the Reuss approximations and different 
self-consistent averaging techniques) to provide the macroscopic 
input–output relations of the materials under investigation. Mi-
cromechanical models could accurately predict the responses of 
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the materials, but the numerical cost is very demanding since 
there are a large number of internal variables associated with 
the models. More details about micromechanical models could 
be found in Refs. [1–5] and references therein. Instead, the phe-
nomenological models are based on the macroscopic experimen-
tal observations. Thermodynamic constrains play an important 
role in many phenomenological models to deduce the macro-
scopic relationships. A popular type of phenomenological models is 
the operator-based model, especially the Prandtl–Ishlinskii model, 
which is currently widely employed in the literature for its sim-
plicity and analytical inversion [6–9]. Unlike the micromechanical 
models, the phenomenological models describe the input–output 
relations at a reduced calculation cost, but the high precision and 
generality is also compromised. Particularly, the phenomenological 
models have difficulties in capturing the coupled hysteresis loops 
accurately in the elastic and electric fields, as well as in modeling 
the rate dependence and stress dependence simultaneously.

In addressing the above mentioned challenges, the homoge-
nized energy model, which was first proposed in Refs. [3,10] and 
then extended in Refs. [11–13,15] to account for the coupled elec-
tromechanical effects, is very attractive. This model can be thought 
as a micromechanical model in a sense that it handles the energy 
analysis at the domain level. A non-convex Helmholtz free energy 
is constructed to characterize different stable polarization orienta-
tions and the relation in the domain level is modeled by employing 
statistical mechanics. The volume fractions of different polarization 
orientations are selected as the internal variables. The macroscopic 
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Fig. 1. (a) A typical distribution of the principal axes in a poly-crystal ferroelectric material; (b) projection of the electric field to the principal axis of a grain.

model is obtained by assuming that the properties such as coercive 
fields, the interaction fields and critical driving forces are man-
ifestation of underline densities rather than constants. We note 
that the associated parameter estimation and approximate inver-
sion problems identified with this model are also well-studied 
[14,15,24,25]. The homogenized energy model can predict various 
phenomena in ferroelectric ceramics with high precision including 
the rate-dependent effects, creep effects and the stress-dependent 
effects. However, the numerical cost associated with the model 
can be demanding, especially for rate-dependent applications, due 
to the two-dimensional quadrature arising in the homogenization 
step of the model.

In the current paper, a phenomenological model is proposed 
based on the analysis and modeling of the polarization orientation 
switching in the materials, which is the origin of the hysteretic 
dynamics. In a single grain, the polarization orientation switching 
is formulated as a coupled differential system by employing the 
Euler–Lagrange equations. This allows us to model the electrome-
chanical coupled phase transition. For such single crystal model, 
the internal variables are chosen based on the polarization and 
strain, and the volume fraction is not needed. For the modeling 
of ferroelectric ceramics, the contributions of all grains need to be 
taken into account. For the sake of simplicity, the detailed grain 
configuration is not considered. Instead, the principal axis orienta-
tions of individual grains in the materials are assumed distributed 
in a certain way, while the hysteretic dynamics associated with the 
electromechanical phase transition is regarded the same in all the 
grains along their principle axis orientation. Therefore, the overall 
dynamics of the ceramics along the field direction could be mod-
eled as a weighted combination of the response in each grain. Fur-
thermore, the intergranular interactions can be easily incorporated 
into the model. By taking this approach, the numerical expenses 
are dramatically reduced, while the accuracy of the model results 
is retained. In addition, the paper provides a detailed discussion 
about minor loops construction due to its vital importance in real 
applications. As for the inverse of current model, it will be dis-
cussed in our future paper for the length limit. However, it needs 
to be pointed out, considering the similarity between our model 
and the homogenized energy model, the progress in homogenized 
energy model will help us a lot.

2. Single-crystal model

It is well accepted nowadays that the physical essence of the 
unique behaviors of ferroelectrics lies in polarization orientation 
switching [1–5,16–21], therefore it is natural to construct a model 
by mimicking mathematically the process of polarization orien-
tation switching. It was shown in Refs. [19,20] that, in one di-
mensional cases, the polarization orientation switching upon elec-
tromechanical loadings could be modeled by following the same 
strategy as for phenomenological theory of phase transitions. The 
governing equations for the switching dynamics could be obtained 
by employing the Euler–Lagrange equation as a coupled system of 
ordinary differential equations given as:

τP
dP

dt
+ a2 P + a4 P 3 + a6 P 5 + 2bεP − E = 0,

τε
dε

dt
+ kε + bP 2 − σ = 0,

(1)

where τP and τε are parameters related to the material properties. 
Note that the above governing equations is a simplified version 
based on the observation that the relaxation effects of polarization 
switching normally are much more pronounced than the inertial 
effects. Given the dominance of the relaxation effects of polariza-
tion switching, it has been confirmed that the coupled hysteretic 
dynamics of ferroelectric single crystals can be efficiently modeled
by the above system of differential equations [19,20].

3. Polycrystalline model

For the modeling of ferroelectric ceramics, some extensions 
must be made to take into account the contributions of different 
grains. Assume that, the orientations of the principal axes of the 
grains in the ceramics are distributed in a certain profile, different 
from the uniform distribution, as sketched in Fig. 1(a). Let’s con-
sider a grain whose principal axis has an angle θ with respect to 
the direction of the applied electric field. The polarization orienta-
tion switching process along the principal axis thus is governed by 
the same dynamics as formulated in Eq. (1), which is re-written as 
the following:

τP
dPθ

dt
+ a2 Pθ + a4 P 3

θ + a6 P 5
θ + 2bεPθ − E cos θ = 0,

τε
dεθ

dt
+ kεθ + bP 2

θ − σ cos θ = 0,

(2)

where θ is the angle between the principal axis and the external 
field and E cos θ and σ cos θ are the projections of the external 
field and stress, respectively.

To clarify the effects of θ , a simulation with different θ values 
is presented in Fig. 2. The effects of the distributed principal axes 
are mainly represented by the distributed coercive fields. With a 
larger θ value, the component of field along the principal axis is 
smaller. Thus a stronger external electric field is needed to switch 
the polarization. The polarization and strain contributions of each 
grain to the overall response should be projected back to the ex-
ternal field direction. The whole polarization and strain under the 
stimulation of the external electric field and stress therefore are 
expressed as:

P =
∫

all θ

Pθ w(θ) cos θ · dθ =
∫

all θ

Pθλ(θ) · dθ,

ε =
∫

all θ

εθ w(θ) cos θ · dθ =
∫

all θ

εθλ(θ) · dθ,

(3)

where w(θ) represents the volume percentage of the grains whose 
principal axes have a θ angle with respect to the external field and 
λ(θ) is a weight function which includes the influence of cos(θ ). 
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