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a b s t r a c t

In this study, we present a new modified convergent analytical algorithm for the solution of nonlinear
boundary value problems by the Variation of Parameters Method (VPM). The method is based on embed-
ding, auxiliary parameter and auxiliary linear differential operator, provides a computational advantage
for the convergence of approximate solutions for nonlinear differential equations. Convergence of devel-
oped scheme is also shown and discussed in detail. Moreover, a convenient way is considered for choos-
ing an optimal value of auxiliary parameter via minimizing the residual error over the domain of
problem. The accuracy and efficiency of the proposed algorithm is established by implementing on some
physical problems. The obtained graphical and numerical results clearly reflects the accuracy and conver-
gence of the presented algorithm.

� 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Introduction

Homogenous and non-homogenous differential equations occur
in various fields of engineering and physical sciences and have
been briefly studied in the literature. The methods for solving
Boundary value problems (BVPs) for differential equations have
attracted a lot of attention. Dehghan and Tatari [1] proposed Ado-
mian decomposition method (ADM) for obtaining an approximate
solution of multi-point BVPs. Geng [2] used reproducing kernel Hil-
bert space method for second order three-point BVPs. Geng and Cui
[3] presented the combination of Homotopy perturbation method
and variational iteration method for solving nonlinear multi-
point BVPs. Li and Wu [4] introduced a method for a class of linear
singular fourth order four-point BVPs. Duan and Rach [5] proposed
a new modification of the ADM for solving multi-point BVPs by
inserting Daun’s convergence parameter. Khalid et al. [6] used
the Laplace transform technique to obtain exact solutions of partial
differential equations for velocity and energy. Hussanan et al. [7]
studied the heat transfer effect on the unsteady boundary layer
flow of a casson fluid past an infinite oscillating vertical plates
using the Laplace transform method. Qasim et al. [8] used the
Runge-Kutta-Fehlberg fourth-fifth order for system of ordinary dif-
ferential equation and examine the influence of different parame-

ters on velocity, temperature and microrotation. Ilyas khan et al.
[9–12] used the Laplace transform method to obtain closed form
solution of ordinary differential equations representing non-
Newtonian fluid flow. Abdul hameed et al. [13] investigated the
exact solutions of stokes first and second problems using separa-
tion of variable method together with the similarity arguments.

We develop a new kind of analytical algorithm for multi-point
BVPs by the Variation of Parameters Method (VPM) [14,15]. The
VPM has been used to solve a wide class of nonlinear differential
equations [16–25]. These publications focus on the approximate
solution of nonlinear problems, particularly algorithm is applied
to problems involving nonhomogeneous terms that is a function
of dependent variable. The main advantage of method is that, it
does not rely on linearization, discretization, perturbation and
restrictive assumptions. The results obtained are completely reli-
able with the proposed algorithm and are very encouraging.

The contribution of present work is to implement Optimal Vari-
ation of Parameters Method (OVPM) for multi-point BVPs. The
physical problems which we are consider are, Lane-Emden type
equation, which describes a variety of physical phenomena such
as thermal history of spherical cloud of a gas, aspects of staller
structure, isothermal gas spheres and thermionic currents. Second
order nonlinear convective- radiative-conduction equation which
was studied in the application of one dimensional heat transfer
in a straight fin. Fourth order nonlinear boundary value problem
which represents the deformation of an elastic beam that at least
one of its end is supported.
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According to OVPM, we consume all of the boundary conditions
to establish an integral equation before constructing an iterative
algorithm to obtain an approximate solution. Thus we establish a
modified iterative algorithm that does not contain undetermined
coefficients, whereas most previous iterative method do incorpo-
rate undetermined coefficients. It is observed that the coupling
algorithm provide a convenient way to control and adjust the con-
vergence region of approximate solution over the domain of the
problem. The main advantage of developed algorithm is its ability
in providing the better information of continuous approximate
solution over the domain of the problem. In the modified algorithm
the residual error is defined to choose an optimal value of auxiliary
parameter. Convergence of modified scheme is also shown and dis-
cussed in detail. However, the convergence of different analytical
schemes has already been proven by many researchers [26–29].
Four examples are given to explicitly reveal the performance and
reliability of the suggested algorithm.

Optimal Variation of Parameters Method (OVPM)

To convey the basic step of OVPM for differential equations, we
consider a general second order nonlinear ordinary differential
equation in operator form as follows:

Lf ðgÞ þ Rf ðgÞ þ Nf ðgÞ þ gðgÞ ¼ 0; a 6 g 6 b; ð1Þ
subject to the boundary conditions

f ðaÞ ¼ a; f ðbÞ ¼ b; ð2Þ

where L ¼ d2

dg2 represents the higher order linear operator, R shows a

linear operator of order Hf ðgÞ ¼ Hf ðgÞ þ jðLf ðgÞ þ Rf ðgÞþ
Nf ðgÞ þ gðgÞÞ; less than L, N is a nonlinear operator, and g is an inho-
mogeneous term. An unknown auxiliary parameter j can be cou-
pled with Eq. (1), so that it can be rewritten in the following form:

Hf ðgÞ ¼ Hf ðgÞ þ jðLf ðgÞ þ Rf ðgÞ þ Nf ðgÞ þ gðgÞÞ; ð3Þ
where H is any suitable linear differential operator with coefficient

of higher order derivative one. Here we consider H ¼ L ¼ d2

dg2 ; so that

Eq. (3) becomes.

Lf ðgÞ ¼ Lf ðgÞ þ jðLf ðgÞ þ Rf ðgÞ þ Nf ðgÞ þ gðgÞÞ; ð4Þ
or

Lf ðgÞ ¼ Lf ðgÞ þ jGf ðgÞ: ð5Þ
According to Variation of Parameters Method [14,15,18,30], the

complementary function of (5) is given as

f cðgÞ ¼ C1 þ C2g; ð6Þ
for particular solution, the constants C1 and C2 in Eq. (6) are
replaced by the functions u1ðgÞ and u2ðgÞ respectively, thus we have

f pðgÞ ¼ u1ðgÞv1ðgÞ þ u2ðgÞv2ðgÞ; ð7Þ
where v1ðgÞ ¼ 1 and v2ðgÞ ¼ g. The functions u1ðgÞ and u2ðgÞ can be
determined as

u1ðgÞ ¼
Z g

0

W1

W
df and u2ðgÞ ¼

Z g

0

W2

W
df; ð8Þ

where W is the Wronskian of v1 and v2; i.e.

W ¼ v1 v2

v 0
1 v 0

2

����
���� ¼ 1; ð9Þ

W1 ¼ 0 v2

Lf ðgÞ þ jGf ðgÞ v 0
2

����
���� ¼ �gðLf ðgÞ þ jGf ðgÞÞ ð10Þ

and

W2 ¼ v1 0
v 0
1 Lf ðgÞ þ jGf ðgÞ

����
���� ¼ Lf ðgÞ þ jGf ðgÞ: ð11Þ

Substituting the value of W;W1 and W2 in Eq. (8), yields

u1ðgÞ ¼ �
Z g

0
fðLf ðfÞ þ jGf ðfÞÞdf and

u2ðgÞ ¼
Z g

0
ðLf ðfÞ þ jGf ðfÞÞdf; ð12Þ

hence, the general solution of Eq. (5) is

f ðgÞ ¼ f cðgÞ þ f pðgÞ

¼ C1 þ C2gþ
Z g

0
ðg� fÞðLf ðfÞ þ jGf ðfÞÞdf: ð13Þ

Substituting g ¼ a and g ¼ b in Eq. (13) and solve for C1 and C2,
we get

C1 ¼ a� a
a� b
a� b

� �
�
Z a

0
ða� fÞðLf ðfÞ þ jGf ðfÞÞdf

þ a
a� b

 Z a

0
ða� fÞðLf ðfÞ þ jGf ðfÞÞdf

�
Z b

0
ðb� fÞðLf ðfÞ þ jGf ðfÞÞdf

!
;

C2 ¼ a� b
a� b

� 1
a� b

 Z a

0
ða� fÞðLf ðfÞ þ jGf ðfÞÞdf

�
Z b

0
ðb� fÞðLf ðfÞ þ jGf ðfÞÞdf

!
;

substituting the value of C1 and C2 in Eq. (13) yields

f ðgÞ¼a�a
a�b
a�b

� �
þg

a�b
a�b

� �
þ
Z g

0
ðg� fÞðLf ðfÞ

þjðLf ðfÞþRf ðfÞþNf ðfÞþgðfÞÞÞdf

þ a�g
a�b

�1
� �Z a

0
ða� fÞ Lf ðfÞþjðLf ðfÞþRf ðfÞþNf ðfÞþgðfÞÞð Þdf

þg�a
a�b

Z b

0
ðb� fÞðLf ðfÞþjðLf ðfÞþRf ðfÞþNf ðfÞþgðfÞÞÞdf; ð14Þ

which can be solved iteratively as

f 0ðgÞ ¼ a� a
a� b
a� b

� �
þ g

a� b
a� b

� �
;

f 1ðg;jÞ ¼ f 0ðgÞ þ
Z g

0
ðg� fÞ Lf0ðfÞ þj

Lf0ðfÞ þ Rf0ðfÞ
þNf0ðfÞ þ gðfÞ

� �� �
df

þ a� g
a� b

� 1
� �Z a

0
ða� fÞ Lf0ðfÞ þj

Lf0ðfÞ þ Rf0ðfÞ
þNf0ðfÞ þ gðfÞ

� �� �
df

þ g� a
a� b

Z b

0
ðb� fÞ Lf0ðfÞ þj

Lf0ðfÞ þ Rf0ðfÞ
þNf0ðfÞ þ gðfÞ

� �� �
df; ð15Þ

for n P 1;

f nþ1ðg;jÞ ¼ f 0ðgÞþ
Z g

0
ðg�fÞ Lfnðf;jÞþj

Lfnðf;jÞþRfnðf;jÞ
þNfnðf;jÞþgðfÞ

 ! !
df

þ a�g
a�b

�1
� �Z a

0
ða�fÞ Lfnðf;jÞþj

Lfnðf;jÞþRfnðf;jÞ
þNfnðf;jÞþgðfÞ

 ! !
df

þg�a
a�b

Z b

0
ðb� fÞ Lfnðf;jÞþj

Lfnðf;jÞþRfnðf;jÞ
þNfnðf;jÞþgðfÞ

 ! !
df;

ð16Þ
Consequently, an exact solution may be achieved when n

approaches to infinity:
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