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We found trivial conservation laws by conservation theorem and exact solutions modified extended tanh- 

function method of (1 + 1)-dimensional nonlinear coupled Klein–Gordon–Zakharov equation. The travel- 

ling wave solutions are expressed by the hyperbolic, trigonometric and rational functions. It is shown 

that the suggested method provides a powerful mathematical instrument for solving nonlinear equations 

in the science of mathematics, physics and engineering. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Nonlinear partial differential equations (PDEs) have become 

useful for science and engineering. Nonlinear partial differential 

equations are not arised only from many fields of mathemat- 

ics, but also from different discipline such as fluid mechanics, 

plasma physics, optical fibers, solid state physics, chemical kine- 

matic, chemical physics and geochemistry. One of the most power- 

ful method for obtaining solutions of nonlinear partial differential 

equations is based on the study of their invariance under one pa- 

rameter Lie group of point transformations. This method is used 

to analyze the symmetries of the differential equations. Then, ob- 

tained symmetry groups can be also used to simplify the given dif- 

ferential equations. It is known that conservation laws play an im- 

portant role in the solutions of differential equations or system of 

differential equations. All of the conservation laws for PDEs have 

no physical meanings, but they are necessary for studying the in- 

tegrability of PDEs [11] . At the mathematical level, conservation 

laws are highly connected to the existence of a variational prin- 

ciple which enables symmetry transformations. This crucial fact 

was fully acknowledged by Emmy Noether in 1918 [8] . Studies 

of consevation laws of PDEs are becoming attractive in nonlinear 

science day by day. Some matematicians such as Steudel, Anco 

and Bluman, Wolf, Kara and Mahomed, Ibragimov, Olver have nu- 

merous studies in that field [23] . There are lots of ways for con- 
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struction of conservation laws. For example; characteristic method, 

variational approach [25] , symmetry and conservation law relation 

[4,18] , direct construction method for conservation laws [2] , partial 

Noether approach [24] , Noether approach [22] , conservation the- 

orem [5,12,14,15] . In the literature, it is mostly studied with par- 

tial differential equations containing real valued dependent vari- 

ables to find conservation laws but in this study we will deal with 

partial differential equations containing complex valued dependent 

variables. Therefore we will consider (1 + 1)-dimensional nonlinear 

coupled Klein-Gordon-Zakharov equation. We will apply conserva- 

tion theorem to this equation for finding it’s conservation laws. 

This method is based on the concept of Lie symmetry generators, 

adjoint equations and formal Lagrangians. 

We will deal with the exact solutions after finding the conser- 

vation laws of the given equation. 

Exact traveling wave solutions of nonlinear PDEs are impor- 

tant for understanding qualitative property of many various ar- 

eas of natural science. For inctance, exact solutions let researchers 

to design and operate tests by creating suitable conditions and 

determine these parameters or functions. Recently, many new 

methods have been proposed for finding these solutions, such as 

Jacobi elliptic function method [9] , Weierstrass elliptic function 

method [7] , Darboux and Backlund transform [21] , symmetry re- 

duction method [28] , the tanh method [3] , auxiliary method [16] , 

extended tanh method [30] , sine-cosine method [29] , homoge- 

neous balance method [10] , exp-function method [34] , the ( G 

′ / G )- 

expansion method [20] , the modified simple equation method 

[17] first integral method [27] , exp ( −φ(ξ ) ) −expansion method 
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[19] , extended-tanh method [37] , modified extended tanh-function 

method [33–36] . 

In this paper, we will search conservation laws with conser- 

vation theorem and then we will obtain exact traveling wave so- 

lutions with modified extended tanh-function method of (1 + 1)- 

dimensional nonlinear coupled Klein–Gordon–Zakharov equation. 

In Section 2 , we will define necessary preliminary informations 

about conservation theorem and modified extended tanh-function 

method. In Section 3 , we will apply these methods to the (1 + 1)- 

dimensional nonlinear coupled Klein–Gordon–Zakharov equation. 

In Section 3.1 , firstly, we will reduce given system to different 

form. Then, we will obtain Lie symmetry generators, formal La- 

grangian, adjoint equations of founded system. Next, we will find 

trivial conservation laws for this system. At last, we will convert 

founded conservation laws for the given system. In Section 3.2 , we 

will reduce given system to nonlinear ordinary differential equa- 

tion. Then, we will find exact traveling wave solutions in the form 

of hyperbolic, trigonometric, rational fınction solutions for (1 + 1)- 

dimensional nonlinear coupled Klein–Gordon–Zakharov equation. 

Finally, some conclusions will be given. 

2. Preliminary informations 

2.1. Conservation laws 

Consider the k th order system of partial differential equations 

in the following form 

E α
(
x, u, u (1) , . . . , u (k ) 

)
= 0 , α = 1 , . . . , m (1) 

here x = (x 1 , x 2 , . . . , x n ) are n independent variables, u = 

(u 1 , u 2 , . . . , u m ) are m dependent variables and u ( k ) denotes 

k th order partial derivatives, i.e., u α
i 

= D i (u α) , u α
i j 

= D j D i (u α) . D i ;
means differentiation with respect to x i , namely total differ- 

entiation operator. Total differentiation operator is shown that 

D i = 

∂ 

∂x i 
+ u 

α
i 

∂ 

∂u 

α
+ u 

α
i j 

∂ 

∂u 

α
j 

+ . . . , i = 1 , . . . , n. (2) 

The infinitesimal generator for the governing Sys. (1) can be writ- 

ten as follow 

X = ξ i ∂ 

∂x i 
+ ηα ∂ 

∂u 

α
, (3) 

where ξ i and ηα are called infinitesimal functions, i = 1 , 2 , . . . , n 

and α = 1 , 2 , . . . , m. The k th prolongation of the infinitesimal gen- 

erator is 

X 

( k ) = X + η( 1 ) α
i 

∂ 

∂u 

α
i 

+ . . . + η( k ) α
i 1 i 2 ... i k 

∂ 

∂u 

α
i 1 i 2 ... i k 

, k ≥ 1 (4) 

where 

η( 1 ) α
i 

= D i η
α −

(
D i ξ

j 
)
u 

α
j 

η( k ) α
i 1 i 2 ... i k 

= D i k 
η( k −1 ) α

i 1 i 2 ... i k −1 
−

(
D i k 

ξ j 
)
u 

α
i 1 i 2 ... i k −1 j 

(5) 

here i, j = 1 , 2 , . . . , n and α = 1 , 2 , . . . , m and i l = 1 , 2 , . . . , m for l = 

1 , 2 , . . . , k and D i is the total differentiation operator. 

Sys. (1) has always formal Lagrangian by 

L = w 

αE α (6) 

where w 

α = w 

α(x i , u 
α) new adjoint variables. 

The Euler–Lagrange operator is given by 

δ

δu 

α
= 

∂ 

∂u 

α
+ 

∞ ∑ 

s ≥1 

( −1 ) 
s D i 1 . . . D i s 

∂ 

∂u 

α
i 1 ... i s 

, α = 1 , . . . , m. (7) 

here 
δ

δu α
is variational derivative. Then, adjoint equation system 

can be obtain with 

( E α) 
∗ = 

δL 

δu 

α
. (8) 

Theorem 1. Every Lie point symmetry of Sys. (1) yields a conserva- 

tion law for Sys. (1) and Sys. (8) . Conserved vectors are described with 

following formulea 

T i = ξ i L + W 

α δL 

δu 

α
i 

+ 

∑ 

s ≥1 

D i 1 . . . D i s ( W 

α) 
δL 

δu 

α
ii 1 ... i s 

(9) 

where i = 1 , . . . , n, α = 1 , . . . , m and W 

α = ηα − ξ j u α
j 
. The con- 

served vectors are obtained from which Eq. (9) involves the arbitrary 

solutions w 

α of the adjoint equation and hence one obtains an infinite 

number of conservation laws for Sys. (1) by specifying w 

α . 

Theorem 2. The n −tuple vector T = (T 1 , T 2 , . . . , T n ) is a conserved 

vector of Sys. (1) if T i satisfies 

D i 

(
T i 

)
= 0 (10) 

[26–32] . 

2.2. Modified extended tanh-function method 

Consider the following nonlinear partial differential equation 

P ( u, u t , u x , u tt , u xx , u xt , . . . ) = 0 (11) 

where u is an unknown function and P is a polynomial of u and 

its partial derivatives, in which the highest order derivatives and 

the nonlinear terms are involved derivatives. We will tell steps of 

modified extended tanh-function method. 

Step 1: We use the following wave transformation 

u ( x, t ) = u ( ξ ) , ξ = kx + wt (12) 

where k and w are constants. If we substitute wave transforma- 

tions in the form of (12) in Eq. (11) , then Eq. (11) reduces to fol- 

lowing ordinary differential equation 

F 
(
u, u 

′ , u 

′′ , u 

′′′ , . . . 
)

= 0 (13) 

where the prime denotes the derivation with respect to ξ . 

Step 2: Think that exact solution of Eq. (13) can be obtained in 

the following form 

u ( ξ ) = a 0 + 

n ∑ 

i =1 

(
a i ( φ( ξ ) ) 

i + b i ( φ( ξ ) ) 
−i 

)
(14) 

here a i , b i ( i = 0 , 1 , . . . , n ) ar e constansts that will be determined 

later such that a n � = 0 or b n � = 0 and n is the balance term. We can 

determine positive integer balance term by balancing the highest 

order derivatives and the nonlinear terms. In Eq. (14) , φ( ξ ) satisfies 

the Riccati equation 

φ′ ( ξ ) = b + ( φ( ξ ) ) 
2 

(15) 

where b is a constant. Eq. (15) admits following solutions 

Case 1: If b < 0, solution of Eq. (15) is 

φ( ξ ) = −
√ 

−b tanh 

(√ 

−b ξ
)

or φ( ξ ) = −
√ 

−b coth 

(√ 

−b ξ
)
. 

(16) 

Case 2: If b > 0, solution of Eq. (15) is obtained by 

φ( ξ ) = 

√ 

b tan 

(√ 

b ξ
)

or φ( ξ ) = 

√ 

−b cot 

(√ 

b ξ
)
. (17) 

Case 3: If b = 0 , then 

φ( ξ ) = − 1 

ξ
. (18) 

Step 3: If we substitute Eq. (14) and its derivatives in Eq. 

(13) with the help of Eq. (15) , we can get a polynomial in 

φi ( ξ ) ( i = 0 , ±1 , ±2 , . . . ) . Setting all the coefficients of φi ( ξ ) 

equal to zero yields a set of over determined nonlinear algebraic 

equations for a 0 , k, w a i , b i ( i = 0 , 1 , . . . , n ) . When we solve ob- 

tained nonlinear algebraic equations using the Maple software, we 

can construct a variety of exact solutions for the nonlinear partial 

differential Eq. (11) . 



Download English Version:

https://daneshyari.com/en/article/5499459

Download Persian Version:

https://daneshyari.com/article/5499459

Daneshyari.com

https://daneshyari.com/en/article/5499459
https://daneshyari.com/article/5499459
https://daneshyari.com

