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This paper investigates the synchronization of fractional order complex-variable dynamical networks with
time-varying coupling. Based on information of the complex network’s configuration, an effective adap-
tive pinning control strategy to adjust simultaneously coupling strength and feedback gain is designed.
Besides, we also consider the synchronization in complex networks with time-varying coupling weight. By
constructing suitable Lyapunov function and using the presented lemma, some sufficient criteria are de-
rived to achieve the synchronization of fractional order complex-variable dynamical networks under the
corresponding update law. The update law is only dependent on the states of the complex dynamical
networks, which do not need any other information such as the characteristic of the uncoupled nodes
of the networks. Further, the result extends the synchronization condition of the real-variable dynamical
networks to the complex-valued field. Finally, the correctness and feasibility of the proposed theoretical

results are verified by two examples of fractional complex-variable dynamic networks.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

It is well known that complex network is a useful modeling
tool for real-world system. Complex network refers to a network
with self-organization, self-similarity, attractor, small world, and
no scale [1]. This phenomenon is widespread in nature and soci-
ety, such as the Internet, social networks, virus transmission net-
work, food chain, power grids, and so on [2-4]. Because there are
a large number of complex networks in our life, it is necessary to
study the dynamical behavior of complex networks. In particular,
as a typical collective behavior of dynamics, synchronization of the
complex networks has attracted rapidly increasing attention in re-
cent years due to its great applications in many real-world scenar-
ios [5,6].

Synchronization is a phenomenon of network related behav-
iors, which is one of the most important phenomena in complex
networks. Synchronization means that the state of all nodes in
the network will eventually tend to be consistent with the evo-
lution of time. It not only can explain a lot of natural phenomena,
but also has potential applications in secure communication, image
processing, engineering, etc. [7-9]. However, due to the complexity
of the node dynamics and topology of the networks, all nodes are
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unable to achieve the synchronization themselves. Therefore, the
proper controllers are required to achieve the objective, such as
adaptive control [10], impulsive control [11], pinning control [12],
intermittent control [13], etc. However, if we apply the controller
to each node in the network, it is not realistic. Therefore, the re-
searchers hope to find a more suitable control method.

Complex networks usually contain a large number of nodes and
links. Due to the computational complexity and control cost, it is
difficult to add controllers to every node in a very large-scale net-
work. Reviewing the distributed nature of complex networks, it is
reasonable to control them by acting locally on certain nodes and
achieving synchronization of the whole network through coupling
between the nodes, which is referred to as pinning control [14].
Pinning control is used to control the whole network by controlling
a part of the nodes. Some of the existing works have shown that
one can use the well-known pinning control method to synchro-
nize the whole network [15-17]. This control method has greatly
reduced the cost of control, so it has been used widely [18-20].
From the existing research results, according to the topology of
complex networks, the controller can be applied to some of the
key nodes in the network, which can achieve the purpose of net-
work synchronization effectively. For example, in 2002, the pin-
ning control strategy is introduced into the control of the scale
free dynamic network, and it is effective to stabilize the scale of
the chaotic dynamic network with large scale to the equilibrium
point and get high control efficiency [21]. In [22], the authors
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proposed a general complex dynamical network model and then
further investigated its adaptive pinning synchronization. Pinning
and adaptive control measures are both low-cost and easy imple-
ment, which have been wide used in integer order complex dy-
namical networks.

When people study the complex system and complex phe-
nomenon, especially the mechanical, biological and physical mod-
eling problems, traditional integer order differential equation
model has been unable to meet the people’s needs, so the re-
searchers expected to find a better mathematical modeling tool.
Compared with the traditional integer order model, the fractional
order model provides a good tool for the description of mem-
ory and hereditary properties of various substances and processes
[23,24]. It would be more accurate if the practical problem is de-
scribed by fractional order dynamic systems rather than integer or-
der. Because of the fractional calculus can describe natural phe-
nomena very well, it has a very wide range of applications in
many fields, such as viscosity, biological engineering, dielectric po-
larization and so on [25-27]. At present, some new fractional or-
der models have also been applied to the steady heat flow model
[28-33]. In particular, the synchronization of fractional order com-
plex dynamic networks start to attract more and more attention.
Therefore, it is significant to study the fractional order complex
networks.

However, previous researchers only considered the research of
real-variable dynamic systems. In the real world, the systems can
often evolve in different directions with a constant intersection
angle with respect to complex number. From previous studies,
the researchers found that complex-variable systems have a wide
range of applications in various fields, such as the amplitude of
electromagnetic field, the laser system and the thermal convec-
tion [34,35]. Since not only the complex-variable chaotic systems
have great importance and broad applications, but also complex
variables which double the number of variables can increase the
content and security of the transmitted information. Therefore, in
order to better describe the real world, a number of complex-
variable dynamic systems have been proposed. For example, the
complex Lorenz system was introduced to describe and simulate
the rotating fluid and detuned laser [36]. A new hyperchaotic com-
plex Lorenz system was generated from the complex Lorenz sys-
tem and its dynamical characteristics were also analyzed and stud-
ied [37]. At the same time, an active control method was ap-
plied to realize phase and antiphase synchronization of two identi-
cal complex-variable hyperchaotic Lorenz systems [38]. In addition,
Mahmoud constructed a new hyperchaotic complex Lorenz system
[39], and studied adaptive anti-lag synchronization [40]. The stabil-
ity of complex-variable impulsive system was solved in Ref. [41].

It should be noted that all of the above-mentioned works
mainly focus on static networks, where the nodes and edges are
constant. However, this assumption cannot be satisfied in many
realistic situations, and the characteristics of many real-world net-
works are changing by different environmental conditions. In fact,
in many real-world networks, the coupling strength is not a con-
stant value and cannot be known in advance, but is automatically
adjusted and varies with time according to different environmental
conditions [42]. The effect of these uncertainties will destroy the
synchronization and even break it. Therefore, the adaptive strategy
has been presented to tune the coupling strength so as to guaran-
tee synchronization in complex networks [43-45]. How to achieve
their balance is challenging question. In this paper, the adaptive
technique is used to solve this question. The coupling strength and
feedback gains are tuned simultaneously to achieve their balance
by designed adaptive laws. At present, the adaptive pinning syn-
chronization of fractional order complex-variable dynamical net-
works is seldom studied and this fact motivates our work for the

paper.

The main purpose of this paper is to study the synchroniza-
tion of fractional order complex-variable dynamical networks with
time-varying coupling. Up to now, although the synchronization of
real-variable dynamical networks were investigated by many re-
searchers, synchronization of dynamical networks with complex-
variable systems is still an open problem that has not been studied
widely. Therefore, this paper extends the synchronization results of
the real-variable network to the complex-variable network. In ac-
tual networks, the consideration of coupling strength and feedback
gain is very important. Generally, they are hoped to be as small
as possible. To achieve synchronization, greater feedback gain is
required if the coupling strength is too small, which increase the
unnecessary cost. In this paper, the adaptive technique is used to
solve this problem. The coupling strength and feedback gain are
adjusted simultaneously by designing an adaptive law to achieve
their balance. Therefore, we combine the adaptive strategy and the
pinning control to design the effective controller, which is univer-
sal and reasonable for different dynamic networks. Meanwhile, the
pinning and adaptive control schemes are both low-cost and easier
to implement. In addition, if the size of the network is very large,
the calculation of eigenvalues of the coupling matrix of the com-
plex networks may be difficult to achieve. Therefore, we further in-
vestigate the synchronization of fractional order complex-variable
dynamical networks with time-varying coupling weight. Under the
proposed adaptive update law, the network can achieve synchro-
nization without the need to calculate the eigenvalues of the outer
coupling matrix. The update law is only dependent on the states
of the coupled nodes of the complex dynamical network, which
does not require any other information. Therefore, compared with
the existing results, the synchronization method in this paper is
more general and convenient to use. Finally, two numerical simu-
lations are presented to demonstrate the effectiveness of the pre-
sented strategy.

The rest of the paper is organized as follows. In Section 2, some
necessary preliminaries and the model of fractional order complex-
variable dynamical networks are introduced briefly. Section 3 stud-
ies the network synchronization problem and derives some crite-
ria. In Section 4, two numerical examples are provided to verify ef-
fectiveness of the proposed scheme. The conclusions are presented
finally in Section 5.

Notations: Throughout this paper, for any Hermite matrix H,
H>0(H <0) means that the matrix H is positive (negative) defi-
nite. Amax (-) denotes the maximum eigenvalue of the correspond-
ing matrix. For any complex number (or complex vector) x, x" and
xi denote its real and imaginary parts, respectively. For any x e (",
X denotes the conjugate of x. x denotes conjugate transpose of x,
[|x|| = vxHx denotes the norm of x. ® denotes the Kronecker prod-
uct. IyeRN*Nand I, eR"*" are N-dimensional and n-dimensional
identity matrix, respectively.

2. Preliminaries and network model

In this section, we give some preliminaries [46] and the basic
definitions of fractional order complex-variable dynamic network
which can be used to obtain our main results.

Definition 1. The fractional integral of order « for a function f{x)
is defined as

t
() = ﬁ [ (t — ) f(rydr,

where t>ty, 0 <o <1, and I'(-) is the Gamma function.
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