
Chaos, Solitons and Fractals 103 (2017) 68–78 

Contents lists available at ScienceDirect 

Chaos, Solitons and Fractals 

Nonlinear Science, and Nonequilibrium and Complex Phenomena 

journal homepage: www.elsevier.com/locate/chaos 

Impacts of additional food on diffusion induced instabilities in a 

predator-prey system with mutually interfering predator 

Santu Ghorai, Swarup Poria 

∗

Department of Applied Mathematics, University of Calcutta, 92 APC Road, Kolkata-70 0 0 09, India 

a r t i c l e i n f o 

Article history: 

Received 3 January 2017 

Revised 12 May 2017 

Accepted 25 May 2017 

Available online 31 May 2017 

Keywords: 

Additional food 

Mutually interfering predators 

Bifurcation 

Pattern formation 

a b s t r a c t 

In this paper, diffusion driven pattern forming instabilities in a predator-prey system with mutually in- 

terfering predators described by the Beddington-DeAngelis type functional response, are investigated in 

the presence of additional food for predators. Conditions for Hopf, Turing and wave instabilities are in- 

vestigate around the coexisting equilibrium point analytically. Numerical simulation results are presented 

to show different types of spot, stripe and their mixture patterns. Different spatial domains in the pa- 

rameter space are plotted. The existence and non-existence of positive, non-constant, steady states of the 

reaction-diffusion model are established. It is observed that spatio-temporal pattern of a predator prey 

system can change significantly depending upon the parameters related to additional food. We can con- 

clude from our study, that the reasons of appearance of different spatio-tem poral patterns in the real life 

ecological systems may be due to variation of additional food. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

Spatio-temporal patterns appear almost everywhere in nature 

and their description and understanding still raise important and 

basic questions. The emergence of the spatial pattern is in gen- 

eral an outcome of the interplay between spatial structure and 

self-organization, although each of them can be a dominant factor 

in the dynamics and structure of a specific ecosystem. The study 

of pattern formation in reaction-diffusion (RD) systems is a very 

active research area since the seminal work of Turing [1] . Turing 

pointed out that to generate spatial patterns, a reaction diffusion 

system should contain at least two reactive species that diffuse 

at very different rates: one slowly diffusing substance and other 

rapidly diffusing substance. 

After the pioneer work of Turing, understanding the mecha- 

nisms behind self-organized spatial pattern formation has been re- 

ceived great deal of attention in several branches of science like 

chemical reaction system [2–5] , morphogen concentrations [6–8] , 

neuronal networks [9,10] , hydrodynamics [11,12] etc. 

Segel and Jackson [13] applied first the Turing’s ideas about pat- 

tern formation on population dynamics. After Segel and Jackson 

[13] pattern formation in variety of spatio-temporal predator-prey 

models were reported [14–26] . Spiral waves are ubiquitous features 

of nature and have been observed in the nervous system, in turtle 
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visual cortex [27] , in rodent brain slices [28] . Spiral waves have 

been found to play an important role in cardiac arrhythmia [29] . 

Spiral waves are also found in population dynamics [30,31] . Study 

of ecological systems in different biological environments are very 

useful to understand the real world population dynamics. Recently, 

the study of Sun [32] to investigate the Allee effect induced pat- 

tern forming instabilities in population dynamics was a step to- 

wards it. Moreover, influence of isolation degree [33] and time de- 

lay [34,35] in ecological models with spatial diffusion were also 

investigated by Sun et al. 

Additional food is an important component of most predators 

diet, although they receive less attention than prey in the scien- 

tific literature [36–39] . The availability of suitable additional food 

(non-prey food) in an ecosystem can have significant impact on the 

spatio-temporal dynamics of a predator-prey system [30] . The con- 

sequences of providing additional food to predator on the spatio- 

temporal dynamics of predator prey system may be very useful in 

biological control (such as species conservation and pest manage- 

ment) [38,40,41] . In recent years, many biologists, experimentalists, 

and theoreticians investigated the consequences of providing addi- 

tional food to predators in predator-prey systems [42–44] . Since 

the presence of additional food can modify the prey predator in- 

teraction, therefore it can play a vital role in the pattern formation 

in an ecosystem [30] . These facts motivate us to study a simple 

reaction-diffusion model with two species in the presence of addi- 

tional food for predators in this work. 

Mutual interference denotes the adverse effects of predator 

density on the instantaneous success of individual predators. Mu- 
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tual interference within species is common in nature and it has 

strong impacts on the community dynamics [40,45–47] . Bedding- 

ton [48] was the first to call attention to the effects of mutual 

interference between predators on searching efficiency and mod- 

ified the Holling type II functional response. The impacts of mu- 

tual predator interference in patchiness through an interplay be- 

tween local population processes and diffusion were reported ear- 

lier [45,46] . The effects of diffusion on additional food provided 

predator-prey system with mutually interfering predators is an in- 

teresting area of investigation. 

The objective of this paper is to determine the impacts of 

spatial diffusion in an additional food provided to predator of a 

predator-prey system with mutually interfering predators. Specifi- 

cally, we have modified the Srinivashu et al. [40] model introduc- 

ing, spatial diffusion in the model and investigate diffusion induced 

pattern forming instabilities in the model. Different types of pat- 

terns like spots, stripes, or their mixture occurs depending on the 

additional food parameters as well as the strength of the mutual 

inference among the predator. 

The paper is organized as follows: In Section 2 we introduce a 

spatio-temporal food chain model with Beddington-DeAngelis type 

functional response where predator population is supported by 

some additional food. In Section 3 we investigate the existence and 

stability conditions of the stationary points in the absence of spa- 

tial diffusion as well as in the presence of diffusion and derived 

the conditions for Hopf bifurcation and Turing bifurcation. In the 

next Section 4 we have reported the numerical simulation results 

in a square domain with zero flux boundary conditions. Finally, in 

Section 5 we draw the conclusion. 

2. Mathematical model 

Recently dynamics of additional food provided predator-prey 

system with mutually interfering predators was reported by 

Prasad et al. [40] . They proposed a predator prey model taking 

Beddington-DeAngelis [48] type functional response and they have 

not reported the effected of spatial diffusion. The compact form of 

the model proposed by Prasad et al. [40] is following, 

dX 

dt 
= rX 

(
1 − X 

K 

)
− cX Y 

a + αA + X + ρY 

dY 

dt 
= 

b(X + ηA ) Y 

a + αA + X + ρY 
− mY 

(1) 

where X , Y are the biomass of prey and predator respectively. The 

parameters r, K represent the intrinsic growth rate and carrying ca- 

pacity of the prey respectively, c is the maximum rate of predation, 

a is the half-saturation value of the predator in the absence of ad- 

ditional food, α be the ratio between the handling times of addi- 

tional food and the prey, A is the biomass of additional food, which 

is uniformly distributed in the habitat, ρ measures the strength of 

mutual interference among the predators, b maximum birth rate 

of the predator due to consumption of the food perceived by the 

predator, η is the ability of the predators to detect additional food 

relative to the prey and m is the mortality rate of predators in the 

absence of prey. If h A and e A respectively represent the handling 

time of the predator per unit quantity of the additional food and 

constant that signifies the predators movement rate while search- 

ing to detect the additional food, then α is equal to the ratio be- 

tween the handling times towards the additional food and the prey 

i.e., α = 

h A 
h X 

. On the other hand η = 

e A 
e X 

, can infer that it represents 

the effectual ability of the predator to detect additional food rela- 

tive to the prey. Thus, the term ηA represents the quantity of ad- 

ditional food perceptible to the predator relative to prey. If A is 

taken to be zero, then the system (1) will reduce to well-known 

Beddington-DeAngelis model [48] . Now re-defining 

X new 

= 

X old 

a 
, t new 

= rt old , Y new 

= 

cY old 

ar 
. 

The system (1) can be transformed to the following non- 

dimensional form, 

dX 

dt 
= X 

(
1 − X 

γ

)
− X Y 

1 + αξ + X + εY 

dY 

dt 
= 

β(X + ξ ) Y 

1 + αξ + X + εY 
− δY 

(2) 

where γ = 

K 

a 
, β = 

bt 

r 
, δ = 

m 

r 
, ξ = 

ηA 

a 
, ε = 

ρ

c 
. 

In the presence of spatial self-diffusion, the model (2) takes the 

following form: 

∂X 

∂t 
= X 

(
1 − X 

γ

)
− X Y 

1 + αξ + X + εY 
+ D 1 ∇ 

2 X 

∂Y 

∂t 
= 

β(X + ξ ) Y 

1 + αξ + X + εY 
− δY + D 2 ∇ 

2 Y 

(3) 

where D 1 > 0 and D 2 > 0 are the diffusion coefficients, ∇ 

2 = 

∂ 
∂x 2 

+ 

∂ 
∂y 2 

is the Laplacian operator with x and y are the space variables. 

We shall investigate the effect of the spatial diffusion with the zero 

flux boundary condition. 

3. Analytic results 

3.1. Analysis of local dynamics 

The equilibrium points of the non-diffusive system (2) are triv- 

ial equilibrium point E 0 ≡ (0, 0), axial equilibrium points E 1 ≡ ( γ , 

0), E 2 ≡
(

0 , − δ−βξ+ αξδ
δε

)
and coexisting equilibrium E 3 ≡ (X ∗

1 
, Y ∗

1 
) , 

E 4 ≡ (X ∗2 , Y 
∗
2 ) where 

X 

∗
1 , 2 = 

ζ1 ∓
√ 

ζ 2 
1 

+ 4 ζ2 γβε

2 βε

Y ∗1 , 2 = 

(β − δ) X 

∗
1 , 2 − (δ − βξ + αξδ) 

δε

ζ1 = βε(γ − ξ ) − γ (β − δ) 

ζ2 = δ − βξ + αξδ + βξε. 

(4) 

We observe that the interior point E 4 will exist when 

ζ2 > 0 and X 

∗
2 > 

δ − βξ + αξδ

β − δ
. (5) 

In this paper, we focus only on the interior equilibrium point 

E 4 ≡ (X ∗2 , Y 
∗
2 ) ≡ E ∗ ≡ (X ∗, Y ∗) (say). It is easily observable that equi- 

librium points are the functions of additional food dependent pa- 

rameters as well as the mutual interfering to the predator. There- 

fore, choosing suitable quality and quantity of additional food or 

mutual interfering parameter we can change the equilibrium point 

according to our preference. Now linearizing the system (2) about 

the equilibrium point E ∗ we obtain 

A 0 = 

⎛ 

⎝ 

X ∗( γ −1 −αξ−2 X ∗−εY ∗) 
γ (1+ αξ+ X ∗+ εY ∗) − X ∗(1+ αξ+ X ∗) 

(1+ αξ+ X ∗+ εY ∗) 2 

(β − δ) 
(
1 − x 

γ

)
−δε

(
1 − X ∗

γ

)
⎞ 

⎠ 

= 

( 

a 11 a 12 

a 21 a 22 

) 

(say ) . 
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