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In this article, we analyze the El Nino-Southern Oscillation (ENSO) model in the global climate with a
new fractional derivative recently proposed by Caputo and Fabrizio. We obtain the solution by using the
iterative method. By using the fixed-point theorem the existence of the solution is discussed. A deeply
analysis of the uniqueness of the solution is also discussed. And to observe the effect of the fractional
order we presented some numerical simulations.
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1. Introduction

In the latest years, El Nifio/La Nifia-Southern Oscillation (ENSO)
is a quasiperiodic climate pattern that arises across the tropical Pa-
cific Ocean every five years which has seized more and more ob-
servation of researchers due to its huge devastation. It is combined
with two phases, the warm oceanic phase, El Nifio, and the cold
phase, La Nifia. Hence, the nonlinear ENSO models are very essen-
tial and absorbing subject to analyze ocean climate, atmospheric
physics and dynamical systems; see more in [1-15].

Fractional calculus has been attaining great admiration and sig-
nificance due largely to its manifest applications in countless ap-
parently various and universal fields of science and engineering.
Fractional derivatives and fractional integrals are crucial subject
matter in the branch of fractional calculus. Recently, many re-
searchers and scientists around the globe studies in this special
branch [16-25]. Caputo [18] investigated linear models of dissi-
pation whose Q is almost frequency independent. Baleanu et al.
[19] presented new trends in nanotechnology and fractional cal-
culus applications. Kilbas et al. [20] reported theory and appli-
cations of fractional differential equations. Bulut et al. [21] re-
ported the analytical study of differential equations of arbitrary or-
der. Atangana and Alkahtani [22] analyzed the Keller-Segel model
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with a fractional derivative without singular kernel. Atangana and
Alkahtani [23] studied non-homogenous heat model. Singh et al.
[24] studied a fractional biological populations model. Kumar et al.
[25] reported solutions of fractional reaction-diffusion equations.
Choudhary et al. [26] obtained the analytic solution of the frac-
tional order differential equations occurring in fluid dynamics.

Recently, Caputo and Fabrizio [16] introduced a new fractional
derivative without singular kernel and in addition Losada and Ni-
eto [17] studied the further properties. In this paper, we apply the
new fractional derivative to the nonlinear ENSO model. The prin-
cipal contribution of this work is determining the new fractional
derivative to the nonlinear ENSO model and imparting in detail the
exactness and uniqueness of the solution of the nonlinear model
by using the fixed-point theorem. The formation of this paper is as
follows: In Section 2, the Caputo-Fabrizio fractional order deriva-
tive is initiated. In Section 3, the ENSO model and approximate so-
lution pertaining to the new Caputo-Fabrizio fractional derivative
is discussed. In Section 4, by applying the fixed-point theorem the
existence of coupled solutions is verified. In Section 5, the unique-
ness of the coupled solutions is proved. In Section 6, the approxi-
mate solution of the problems is obtained. Results and discussion
is reported in Section 7. And finally in the Section 8, the conclu-
sions are discussed.
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2. The Caputo-Fabrizio fractional order derivative

Definition 2.1. Let u € H'(a, b), b > a, € [0, 1] then the new
Caputo fractional derivative is defined by

M(a) [t t—x
o _ ! - —
DY (u(t)) = 1_()([1 u(x)exp[ al_a]dx, (1)
where M(«) is a normalization of the function satisfies the condi-
tion M(0) = M(1) =1 [16].

But, if u¢H'(a, b) then, the derivative can be defined as:

t —
prw®) = [ -ueyexp[-ap 2| @

Remark 1. If 0 = 152 € [0, 00). ¢ = 115 €[0. 1], then Eq. (2) pre-
sume the form

D¥ (u(t)) = @ /atu/(x) exp [—t;—x]dx, N(0) = N(oo) = 1.
(3)

.1 t—x
Moreover, (l,”j?) p exp [_T] =8(x—t) (4)

The corresponding anti-derivative resulted to be essential [17].

Definition 2.2. Let 0 < o < 1. If u is a function then the fractional
integral of order « is defined by

2(1 —a)
(2 -a)M(x)

L) = u(t) + u(s)ds, t > 0.

(5)
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Remark 2. The remainder arising in the above definition of the
fractional integral of Caputo type of the function of order 0 < «
< 1 is a mean between u and its integral order one. This therefore
requires,

2(1-a) 20 B
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where M(ar) = 25,0 <o < 1.

Further, Nieto and Losada [17] propounded the new Caputo
derivative of order 0 < o < 1 can be reformulated as given by

1, (6)

DY (u(t)) = ﬁ /a[ u' (x) exp [—alt_x ]dx. (7)

-
3. ENSO model pertaining to the new Caputo-Fabrizio
fractional derivative and approximate solution

The coupled dynamical ENSO system was observed to recount
the oscillating physical mechanism as given by [1-4]

O _ ey + mhit) - 1),

MO _ o) - yhe). (8)
with the initial conditions

H(0)=1,h(0) =1, 9)

where ¢, n, ¥, 6 and e are physical constant and ¢ is pertur-
bation coefficient which is defined 0 < ¢ < 1 and small am-
ple. H € % is temperature of the eastern equatorial Pacific sea
surface and h € 9% is the thermo-cline depth anomaly. Let Q
be the Banach space of continuous % — % valued function de-

fined on the interval J with the norm || (H, h)|| = ||H|| + ||h]| where
|H|| = sup{|H(t) : t €J|} and |h|| = sup{|h(t) : t €]|}. Particularly
Q =C(J) xC(J), where C(J) is the Banach space of continuous %
valued functions defined on the interval J with the sup norm.

Although, the above-stated model is not capable to classify the
effect of memory and also the movement of ENSO at the differ-
ent surface of the mechanism through the global motion is tak-
ing place. Hence, in order to get include these two above said ef-
fect into the mathematical formulation, we moderate the system
by replacing the ordinary time derivative to the newly introduced
Caputo-Fabrizio fractional derivative as given by

CFDZH = cH + nh— eH?,0 < & < 1
FDZh = —6H — yh.

And the initial conditions are the same as stated in Eq. (9).

(10)

4. Existence of the coupled-solutions of fractional ENSO model

In this portion, we present the existence of the coupled-
solutions by using the fixed-point theorem. Applying the integral
operator on Eq. (10), we get

H(t) —H(0) = §FI¢ {cH(t) + nh(t) — eH* (1)},
h(t) —h(0) = §IX{—OH(t) — yh(D)}, (11)

Employing the notation suggested by Nieto and Losada [17], we
procure

2(1 —@)
H(t) —H(0) = m{m(r) +nh(t) — eH? ()}
20 t
+m /0 {CHQ’) +nh(y) - 8H3(V)}dy,
2(1 —@)
h(t) - h(0) = m{—QH(t) - yh(t)}

20 /‘
‘o —OH(y) — vh dy. 12
i@ TOHO) —yholdy. (12)
For clarity, we interpret

Ki(t,H) = cH(t) + nh(t) — eH3(¢),
K (t,h) = —0H(t) — yh(t). (13)
Theorem 4.1. K; and K; fulfill the Lipschiz condition and contraction
if the succeeding inequality satisfies
0<(c+e(@+b*+ab)) <1

Proof. We begin with K;. Suppose H and G be two functions,
then we assess the succeeding

1K1 (¢, H) = Ki (£, G) || = | c(H(®) = G()) — e (H* () = G*(©)) .
(14)
Applying the triangular inequality of norm on Eq. (14), we get
K1 (¢, H) = Kq (¢, G) || < le(H(t) = Ge) || + & (H*(©) - G (©) |
< llc(H(t) = G| + el (H(t) — G(t))
(H2(t) + G*(t) + H(t)G(®)) |
< lle(H(®) = GO) || + & | (H(®) — G(t))(a® + b* + ab) |
< (c+e(a+b*+ab))|(HE) — G(E)]. (15)
Taking A= (c+&(a® +b%+ab)), where H(t) and G(t) are
bounded functions such that ||H(t)|| < a, ||G(t)|| < b, then we have
K (e, H) = K (£, G)[| < A[[H(t) = G(O)]. (16)

Hence, the Lipschiz condition is fulfilled for K; and if an addi-
tionally 0 < (c + &(a? + b2 + ab)) < 1, then it is also a contraction.
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