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1. Introduction

Controllability of nonlinear systems with time varying delays in
input is essential to predict the true dynamics of the system. Most
of the time presence of delays in the system is the main reason for
deterioration of system performance and sometimes even instabil-
ity [27]. The important relationships between stability and control-
lability of the systems [18] forms the motivation for the study of
controllability property of systems with delay in the control vari-
able. At the same time neutral differential equations are encoun-
tered in the description of various physical scenarios like the loss-
less transmission connection, stunted transmission connection [9],
vibrating masses attached to an elastic bar [13] and collision prob-
lem in electrodynamics [12]. The controllability of neutral systems
is studied by various authors, for instant [4,14]. At the same time
incorporating fractional derivatives [15,17] and noises in mathe-
matical models have proved to provide better understanding and
approximations to real world processes. The controllability of de-
terministic systems and stochastic systems with time varying delay
are dealt in [2] and [16] respectively. In this paper we study the
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controllability of stochastic fractional neutral systems with time
varying multiple delay in infinite dimensional setting. The control-
lability concepts of deterministic and stochastic systems in infi-
nite dimensions can be found in [3,6-8,10,24|.The existing litera-
ture suggests two different ways of extending the controllability
concepts to stochastic systems as follows

» The property of attaining all states in a suitable space of ran-
dom variables, for example, the space of square integrable ran-
dom variables.

+ The property of attaining an arbitrarily small neighborhood of
each point in the state space with probability arbitrarily near to
one fortified with some uniformity

In the former approach which we adopt in this paper the state
space consists of random variables whereas in the latter it con-
sists of only nonrandom values see [21-23,25]. It is worth pointing
out that most of the works on stochastic systems assume the noise
process under discussion to be Wiener process. Unfortunately, the
fluctuations in financial markets, sudden changes in the environ-
ment and many other real systems cannot be described by Brown-
ian motion and this leads to the use of Lévy noise to model such
discontinuous systems. This motivation makes the controllability
problem of systems with other noise terms an interesting one. A
detailed study of Lévy process in finite and infinite dimensions can
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be found in [1,26] and the references therein. We intend to ap-
proach the controllability problem by providing an equivalent inte-
gral equation to the stochastic fractional neutral system with mul-
tiple time varying delay in control and use fixed point technique
to arrive at the existence of control which steers the system to a
desired random variable in a suitable state space. The controlla-
bility problem for stochastic fractional neutral system with multi-
ple time-varying delay in control driven by both Wiener and Lévy
noise are discussed here.

2. Preliminaries

Let X, U and K be separable Hilbert spaces and for conve-
nience, we will use the same notation ||-|| to represent their norms.
L(X,U) is the space of all bounded linear operators from X to U
and J denotes the interval [0, T].

We assume that a filtered probability space (€2, F, {F;}t=0.P)
with the probability measure P on €2, satisfying the “usual hypoth-
esis”:

(i) Fo contains all A € F such that P(A)=0,
(ii) Ft = Fe+, YVt € J, where F+ is the intersection of all F
where s > t, i.e,, the filtration is right continuous.

Let us consider the following space settings. Denote,

* Y :=1Ly(R, Fr,X), which is the Hilbert space of all Fr-
measurable square integrable random variables with values in
X.

H, is a closed subspace of C(J,L,(£2,X)) consisting of all F;-
measurable processes with values in X, identifying processes
which are modification of each other and endowed with the
norm,

#l13, = supEllg© 1%,
tef

where E denotes expectation with respect to P.

Uy = H{(], U), which is a Hilbert space of all square integrable
and F;-measurable processes with values in U.

HY :=1,(Q, Fo.X), which is the Hilbert space of all Fo-
measurable square integrable random variables with values in
X.

Let us recall some basic definitions from fractional calculus. Let
o B >0 withn-1<a<n n—1<p <n and n e N. Suppose
feli(Ry), Ry =10, 00).

Definition 2.1 [17]. The Riemann Liouville fractional integral of a
function f is defined as

1 ¢ 1
= [ t=5)*"f(s)ds,
I'(a) /o

and the Caputo derivative of fis D% f = ["-@D" f, that is,

I £(t) =

t
DO = gy [, €~ F )

where the function f{t) has absolutely continuous derivative up to
order n — 1.

Definition 2.2 [17]. Let A be a bounded linear operator, the
Mittag-Leffler operator function is given by,

e Ak
Fr = 2 T By

In particular, for g =1,

o Ak
Ev1(A) =Eu(A) = ) =7
g I'(ka +1)

Consider the linear stochastic fractional neutral system with
multiple time varying delay in control of the form

M
CD“(x(t) - g(t)) =Ax(t) + Y Bu(hi(t)) + f(t)
i=0
dw (t)
dt Lel

x(0) = xo0 € HY, (1)

+o(t)

where 0 < @ < 1, o # % A: X — X is a bounded linear oper-
ator, W(t) is a K-valued Wiener process with positive symmetric
trace class covariance operator, o :J — ]Lg(K,X) (where ]Lg is the
space of Hilbert-Schmidt operators [11]), f, g: ] — X are continuous
functions and g is continuously differentiable, u € Uy, a Hilbert
space of admissible control functions and for i=0,1,2,...,M, B;:
U — X are bounded linear operators. The function h; : ] > R, i=
0,1,2,...,M are twice continuously differentiable and strictly in-
creasing in J. Moreover

hi(t) <tforte]i=0,1,2,...,M.
Let us introduce the time lead functions
ri(t) : [h;(0),hi(T)] - J,i=0,1,2,....M

such that r;j(h;(t)) =t for t € J. We further assume hg(t) =t and
for t =T the function h;(t) satisfy the inequalities

hy(T) <hy1(T) <+ <hpa(T) <0
=hp(T) < hy 1 (T) = --- = hy (T) = ho(T) (2)
The usual definition of complete state is assumed.

Definition 2.3 [4]. The pair y(t) = {x(t), u¢s} where u; denotes the
function on [min;h;(t), t), defined by u;(s) = u(s) is said to be the
complete state of system (1) at time t.

We obtain the solution of the system (1) as in [5] by using the
following lemma and hypothesis.

Lemma 2.1 [20]. Suppose that A is a linear bounded operator defined
on a Banach space, and assume that ||A|| < 1. Then (I — A)~1 is linear,
bounded and

o]
(I-A)7"=> Ak
k=0
The convergence of the above series is in the operator norm and || (I —
A = a—JAaD-.
Let us assume the following hypothesis:
(H1) The operator A € L(X) and ||A||? < (2“‘]}2#

Let x € H,, then by (H1), we have

T ‘ 200-2 2
T@)? StLeljp A (t — )™ “E||Ax(s)||xds

T2a
< supE||Ax||Z < x|,
= Ga DT (@)? tEJP 1AXIx < [1x]1,

which implies that ||[*A|| < 1. Hence by Lemma 2.1 we con-
clude that (I —I*A)~! is a bounded linear operator satisfying (I —
[“A)" 1 =R (%A and || -1*A)1| < m On the other
hand, taking I* on both sides of (1) and using Lemma 2.1 we ob-
tain

x(t) = Eq (At")[xo — g(0)] + &(t)

N / LA = ) B (A — 5)%)g(s)ds
0

“A)x 13, <

+f (€ = )" Ega (At — 5)) f(5)ds
0
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